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Convention

Throughout the course, k is a field. All rings are unital and associative. All modules are right modules
unless otherwise specified. When we discuss dimensions, we mean dimensions as k-vector spaces.

There are a lot of contents not covered in lecture, which will be written in coloured blocks:

This is supplementary material: proofs and routine verifications of statements made in the main
text, often ‘unnecessarily long or pedantic check of definitions’ — things that are only there for
rigour.

Supplementary material are often (but not always) QA’ed.

This is advanced material; things that I personally would like to add, from personal experience
in the theory, but definitely not necessary for lecture purpose.

Advanced material is mostly produced by Al and most of them has not been rigorously checked, so
the reader should read it with extra care.

The main content of the notes are drafted by Al and QA’ed (heavily edited) by myself.

1 Graded algebras, modules, and duals

1.1 Algebras and modules

Definition 1.1. A k-algebra is a k-vector space with an associative unital multiplication that is
bilinear, meaning linear in each variable.

A right A-module is understood to be a k-vector space M with a bilinear action satisfying (ma)b =
m(ab) and mly = m for m € M and a,b € A. A module homomorphism f : M — N is linear and
satisfies f(ma) = f(m)a. A homomorphism of k-algebras is a linear map preserving multiplication
and the identity.



Example 1.2. (1) The matriz ring Mat,, (k) is a k-algebra. The space of 1 X n row vectors is a right
Mat,, (k)-module by matriz multiplication.

(2) Let kA,, be the upper triangular matrix ring, which is also a k-algebra.

k k - k
kA, =
0 0 :

For those familiar with path algebras, kA, is the path algebra of a linearly oriented A,, quiver, which
explains the notation. We use matriz calculations, so no knowledge of quivers is required. Write e;;
for the matriz with 1 in entry (i,j) and zero elsewhere. Our convention composes paths from left to
right: e;; represents 1 — j, and ejjej; = €.

1.2 Categories and functors

We organise modules together with their homomorphisms. A category records both: specifying the
objects alone does not specify a category.

Definition 1.3. A category C consists of objects, a set Home(X,Y) of morphisms f : X — 'Y for
each pair of objects, and composition sending f : X - Y andg:Y — Z togo f: X — Z. Fach
object X has an identity idx : X — X, and

ho(gof)=(hog)of, idyof =f=foidxy for all composable f,gq,h.

A morphism f : X — Y is an isomorphism if some ¢ : Y — X satisfies go f = idx and f o g = idy;
we then write X =2 Y. A full subcategory of C consists of chosen objects of C, with all morphisms
between them and the same composition.

Example 1.4. For a k-algebra A, we use the notation

Mod A := category of right A-modules and A-linear maps,
mod A := full subcategory of finitely generated right A-modules.

In either category, Homa (M, N) is the space of A-linear maps M — N; composition is the usual
composition of maps. For A = Kk, these are the categories of all and of finite-dimensional vector
spaces, respectively.

Note that, if dimg A < oo, then M € mod A < M is finite-dimensional (.- finite generation implies
that M is a quotient of A®™ some n, and a finite k-basis of M is clearly a finite generating set.)

Example 1.5. For M € mod A, let add M := addoq A(M) be the full subcategory with
NecaddM <= N&N =M for some N' € modA and integer r > 0.

Thus add M consists of direct summands of finite direct sums of M.

In modern representation theory, remembering A and add A holds the same categorical information is
crucial in utilising cateogircal technique in representation theory; this allows one to push many results
to a more abstract framework.

Definition 1.6. A functor F : C — D assigns an object F(X) to each object X and a morphism
F(f): F(X)— F(Y) to each f : X =Y, such that

F(idx) = idp(x), F(go f)=F(g)o F(f) for all composable f,g.



For example, forgetting the A-action gives a functor Mod A — Modk: it keeps the underlying vector
spaces and linear maps. The identity functor ide leaves every object and morphism unchanged;
functors compose by applying one after the other. Every functor preserves isomorphisms, since F/(f~1)
is inverse to F'(f).

The opposite category C°P has the same objects as C, with Homeop(X,Y) = Home(Y, X) and com-
position reversed. A contravariant functor from C to D means a functor C°® — D. Thus it sends
f: X —=>YinCto F(f): F(Y) — F(X) and satisfies F(go f) = F(f) o F(g). Duals will provide our
main examples.

Definition 1.7. For functors F,G : C — D, a natural transformation n : F — G s a family of
morphisms nx : F(X) — G(X) such that

F(X) X G(X) G(f)onx =ny o F(f) forevery f: X =Y. (1.1)
o e
F(Y) ——G(Y)

If every nx is an isomorphism, n is a natural isomorphism, written F = G.

The square in (1.1)) is said to commute: its two routes from F(X) to G(Y') give the same morphism.
We often say a family of morphisms (resp. isomorphisms) in a category C is natural in M € C to mean
that it defines a natural transformation (resp. isomorphism).

For example, for fixed ¢ € k, the maps cidy; : M — M define a natural transformation idyieq 4 —
idpod 4 because f(em) = ef(m) for every module homomorphism f : M — N. It is a natural
isomorphism when ¢ # 0.

A functor F' : C — D is an equivalence if there is a functor G : D — C with natural isomorphisms
GF 2id¢ and FG 2 idp. A duality between C and D is an equivalence C°°? — D. Thus an equivalence
recovers objects and maps up to natural isomorphism; a duality also reverses the direction of maps.

Definition 1.8. Let A be a k-algebra, and let L, M, N € Mod A, withi: L — M andp: M — N

module homomorphisms. The sequence L L M B N s exact at M if Imi = Kerp. A sequence of
module homomorphisms is exact if it is exact at every term with an incoming and an outgoing map.
A short exact sequence is an exact sequence

0—L5MEBN-—0, Keri=0, Imi=Kerp, Imp=N. (1.2)

Definition 1.9. Let A, B be k-algebras. A functor F : Mod A — Mod B is exact if F(0) = 0 and
every short exact sequence (1.2) gives a short exact sequence

(i) F(p)

0 — F(L) —> F(M) F(N) —0.
An exact functor preserves injective and surjective maps: apply it to 0 — L LSM oM /i(L) — 0 and

0 — Kerp - M % N — 0, respectively. For a functor F' : (Mod A)°? — Mod B, exactness instead
means that ((1.2) gives

0— F(V) 22 rony £ Ry — 0.
Thus an exact contravariant functor exchanges injective and surjective maps.
Example 1.10 (k-linear duality). For a vector space V, define its k-linear dual by D(V) :=
Homy (V,k). For a linear map w:V — W, set

D(u) : D(IW) — D(V), A— Aouw.

The identities D(idy) = idpyy and D(v ou) = D(u) o D(v) make D : (Modk)°? — Modk a functor.
The functor D 1is exact.



For a short exact sequence (1.2) of vector spaces, D(p) is injective because p is surjective, and
D(i) is surjective because a functional on a subspace extends to the whole vector space. If
A € D(M) satisfies Aoi =0, then

w: N — Kk, p(m) — A(m)
is well-defined since Kerp = (L), and X = pop = D(p)(n). Conversely, poi = 0 gives
).

D(i) o D(p) = 0, so Ker D(i) = Im D(p). Thus D exchanges injective and surjective linear
maps.

For every vector space V', evaluation defines a natural injective map

evy : V. — D(D(V)), v— (A= A(v)). (1.3)

If V' is finite-dimensional, choose a basis vi, ..., v, and its dual basis v, ..., v}, defined by v} (vj) =

)y Vn
5z'j- Then

evi,! :D(D(V)) —V, &+ > O(v])v.
i=1
Consequently, D : (modk)°? — modk is a duality.

If v # 0, choose X € D(V') with A(v) # 0; hence evy is injective. Foru:V — W, v eV, and
A€ DW),
D(D(u))(evy (v))(A) = A(u(v)) = eviw (u(v))(A),

which proves naturality.

In finite dimension, writing A = > | M(v;)v] gives ®(N) = XD, @(v)v;). Thus the displayed
formula is the inverse of (1.3)), and is independent of the chosen basis.

1.3 Semisimple algebras

Definition 1.11. A module L is simple if L # 0 and its only submodules are 0 and L. A module is
semisimple if it is a direct sum of simple modules. An algebra B is semisimple if it is semisimple as a
right module Bp over itself. The Jacobson radical rad B is the intersection of all maximal right ideals
of B. For a right B-module M, the radical rad M is the intersection of all mazximal submodules of M,
with rad M = M if there are none.

We use the following standard ring-theoretic facts without proof. For a finite-dimensional k-algebra
B and any right B-module M,
rad M = M rad B.

Recall that a division k-algebra is a non-zero k-algebra whose non-zero elements are invertible.

Theorem 1.12 (Artin—Wedderburn). For a non-zero finite-dimensional k-algebra B,

n
B is semisimple <= radB=0 <+= B<Z HMatni(Di),
i=1

where n,n; > 1 and each D; is a finite-dimensional division k-algebra. If k is algebraically closed,
then D; = k for every i. For semisimple B, every left or right B-module is semisimple, and every
submodule has a complement. In particular, the definition is independent of the chosen side.



For proofs of rad M = M rad B and of Theorem see for example [?]; [?] gives a short
account of semisimple modules and Wedderburn’s theorem.

Corollary 1.13. FEwvery finite-dimensional left or right module over a finite-diemnsional semisimple
algebra S is a direct summand of S®" for some n, i.e. M € add(S) for all M € mod S.

Proof Choose a surjection p : S®* — M. By Theorem there is a submodule L such that
S®" — Ker p® L. The restriction p|y : L — M has kernel LNKer p = 0 and image p(L) = p(S®") = M.
Hence L = M, so S9" =~ Kerp® M. O

Example 1.14. The algebras k™ and Mat, (k) are semisimple by Theorem . Upper triangular
matrices need not form a semisimple algebra: for A =kAs,

rad A = kejs # 0, A/rad A = k2.

Put J = keja, so J> = 0. For a simple right module L, simplicity gives LJ = 0 or LJ = L;
the second alternative implies L = LJ? = 0, a contradiction. Hence J is contained in every
mazximal right ideal. The quotient A/J = k®? has evactly two mazimal right ideals, whose
imverse images have intersection

(ke @ kero) N (ke @ kego) = J.

Definition 1.15. An element e € A is idempotent if e = e. Idempotents e, f are orthogonal
ifef = fe = 0. A non-zero idempotent is primitive if it is not the sum of two non-zero orthogonal
idempotents. A finite family e1, ..., e, of pairwise orthogonal idempotents is complete if > ., e; = 14.

Remark 1.16. For orthogonal idempotents e, f € A,
(e+ flA=eAd fA.

In particular, we always have A = e¢A @ (1 — e)A. This strengthen the viewpoint of idempotent-as-
local-identity: left-multiplying e defines a canonical projection onto the direct summand eA of A, and
yields a commutative diagram

A a—rea A
projection a% /@:n
eA
So multiplying e means we work inside the direct summand eA. The corner subalgebra eAe = {eae |
a € A} has identity eH For A = [];_, Ai, the coordinate idempotents e; = (0,...,14,,...,0) are a
complete orthogonal family and are the identities of the individual factors. In A = kA,,, the diagonal
matrix units ejq, ..., ey, are primitive, since e;; Ae;; = ke;. Forn > 2, thesume =eq1+---+ep—1n-1

gives the corner
B 0
€A€:{<O O) ’BEkAn_l}gkAn_l.

Idempotents also describe maps out of the summands of Ay4.

Lemma 1.17 (Yoneda lemma). For an idempotent e € A and a right A-module M, evaluation at
e gives a natural (in M ) vector space isomorphism

Homy(eA, M) = Me, fr— f(e), with inverse m v+ (ea — ma).

'note that this is not a unital subalgebra since the identity element changes; a more proper way to think about this
is as a subcategory addmod a(eA) ~ addmod cac(eAe).



Proof We have f(e) = f(e)e and f(ea) = f(e)a. If m = me, the map ea — ma is well-defined
because ea = ea’ implies ma = mea = mea’ = ma’. These formulas prove that the maps are inverse;
postcomposition by a module map M — N proves naturality. O

1.4 Graded algebras

Definition 1.18. Let G be a group with identity e. A G-graded k-algebra is a k-algebra A with
14 € A. and a decomposition

A= EBAQ such that AgAp C Agn,  for all g,h € G.
geG

An element of A, is homogeneous of degree g.

Convention. Unless stated otherwise, a graded algebra is Z-graded and concentrated in non-negative
degrees.

Note that the decomposition is into a direct sum, so every element of a graded algebra A can always
be written as a finite sum of homogeneous elements.

Example 1.19. For the upper triangular matriz ring KA, of Example the decomposition
(kAn)q = spany{e;; | j —i = d}

makes kA, a graded algebra.

Example 1.20. The algebra kAs also has a Z9?-grading with
dege;; = (0,0), degeiz = (1,0), degeas = (0,1), degejz = (1,1).

The homomorphism Z.%? — 7, (p,q) — p+ q, gives the grading of Example . Alternatively,
setting dege;; = 2(j — i) gives a Z-grading with A1 = 0 but Ay # 0.

Definition 1.21. A homomorphism of graded algebras f : A — B is a k-algebra homomorphism with
f(A;) C B; for alli € Z.

Definition 1.22. A graded algebra A is locally finite-dimensional (Ifd) if dimg A; < oo for every
i €Z.

1.5 Graded modules
Definition 1.23. Let A = @geG Ay be a G-graded algebra. A G-graded right A-module is a right
A-module M with a direct sum decomposition

M = @Mg such that MgAp C Mgy,  for all g,h € G.
geG

An element of My is called homogeneous of degree g.
A G-graded A-module M = @geG My is locally finite-dimensional (Ifd) if dimy My < oo for all g € G.
Unless specified otherwise, graded modules are Z-graded; their degrees need not be non-negative.

For an algebra A, the opposite algebra A°P has the same vector space as A, with multiplication
a’?b°? = (ba)°P. A left A-module is a right A°P-module by m - a®® = am. Thus Mod(A°P) is the



category of left A-modules and left A-linear maps; not to be confused with the opposite category
(Mod A)°P though. For a Z-graded algebra A = ;- 4,

the opposite algebra is also graded with (A°P); = A;.

Definition 1.24. Let M be a graded A-module and let d € 7Z. The degree shift, or grading shift,
M(d) is the graded A-module whose underlying A-module is M, but whose grading is

M(d)j = Mjq-

By Definition 1€ Ay = A(—d)q, so A(—d) has a generator in degree d. If M is concentrated in
degree 0, then M(d) is concentrated in degree —d.

Example 1.25. For A = kA3 with the grading of Example the module P; := e11 A consists of
matrices supported on the first row. Its basis e11,e12,e13 has degrees 0, 1,2, respectively; in Py(—2),
the same basis has degrees 2,3, 4.

Definition 1.26. Let M, N be graded A-modules. A homomorphism f : M — N is homogeneous of
degree d if f(M;) C Njiq for all j € Z. A homomorphism of graded modules means a homogeneous
A-module homomorphism of degree 0, also said to preserve degrees.

Example 1.27. For A = kAs, left multiplication by e1s yields a map

622A — 611A,

0 0 O 0
0 v v|—10 (u,v € k).
0 00 0

S O =
O O e

The u and v entries have degrees 0,1 in the source and 1,2 in the target, and so the map has degree 1.

Notation. For graded right A-modules M, N, the space of homomorphisms preserving degrees is
Hom’ (M, N) = {f € Homa(M,N) | f(M;) C N; for all j € Z}. (1.4)

Thus Hom’% (M, N(d)) consists of homomorphisms M — N of degree d, since N(d); = Njiq. Note
that, like the grading shift functor, different literature has different notation for this (there does not
seem to be any widely agreed notation).

We write

GrMod A := category of graded right A-modules with morphism spaces Hom% (M, N),

grmod A := full subcategory of GrMod A consisting of locally finite-dimensional modules.

Thus GrMod(A°P) is the category of graded left A-modules and degree-preserving maps. Forgetting
the grading gives a functor GrMod A — Mod A.

Remark 1.28. grmod A is somewhat analogous to mod A but not really the same: If A is locally finite-
dimensional, every finitely generated graded A-module M is locally finite-dimensional. (*.© a finite
homogeneous generating set of a graded A-module M gives a surjection from a finite direct sum of
shifts of A to M, so every M; has to be finite-dimensional.) However, a locally finite-dimensional M
need not be finitely generated.

For d € 7Z, the shift of Definition is a functor
(d) : GrMod A — GrMod A.

It sends f : M — N to the same underlying map f(d) : M(d) — N(d). Since M(d)(—d) = M and
f(d)(—d) = f, the shift is an equivalence with inverse (—d); it restricts to an equivalence grmod A —
grmod A.



Remark 1.29. The notion of exactness makes sense for graded module categories — a sequence in
GrMod A is exact if the underlying sequence in Mod A is exact. In particular, we talk about functors
invovle such categories being exact.

For L, M, N € GrMod A with maps i : L — M and p: M — N, the sequence 0 — L LME
N — 0 is exact if and only if

ilL Pl
0— L —» M; —5 N; — 0 is exact for every j € Z.

Indeed, ¢ and p preserve the direct sum decompositions, so their kernels and images decompose
into the kernels and images of the restrictions.

Example 1.30. Let A = kA,. Consider Py := e11 A which has rad P, = ke and Ly := Py/rad P;.
Then we have a short exact sequence in GrMod A:
0 —rad P, AN P Py/rad P, — 0, i(ce12) = cerz, p(m)=m.

Note that degrad P, = 1 and deglLy = 0. Let Lo := keos = eo9A, which we treat as a graded
A-module concentrated in degree 0. Note that Lo = rad Py as ungraded modules but we only have
Ly = (rad P1)(1), which yields the following short exact sequence in GrMod A:

0—> LQ(—l) — P1 — Pl/radpl — 0,
Lemma 1.31. For graded right A-modules M, N, there is an inclusion

@Homﬁ(M, N(d)) C Homy (M, N), which is equality when M is finitely generated.
deZ

Proof For f € Homy(M,N), define fy(m) = f(m)j;q when m € M;, and extend linearly. For
a € A;, we have fg(ma) = f(ma);yita = f(m)jrqa, so fq is A-linear of degree d. The sum of the
homogeneous Hom spaces is direct: on M}, distinct degrees have values in distinct summands of N.

If M is finitely generated, the homogeneous components of a finite generating set form a finite homo-
geneous generating set. Only finitely many f; are non-zero on these homogeneous generators, hence

on M, giving f =5, fa. O

1.6 Homogeneous ideals and quotients

Definition 1.32. Let A = @, ., Ai be a graded algebra. A right ideal I C A is homogeneous if
I=@PInA).
1EZ
FEquivalently, whenever a € I and a = ag+---+ay s its decomposition into homogeneous components,
each a; also belongs to 1.

For quotient algebras we need two-sided ideals. If I is a homogeneous two-sided ideal, then

A/T =D Ai/(IN A;)
1€EL
is again a graded algebra.
Example 1.33. In A = kA3 with the grading of Example the two-sided ideal I = (e13) = ke
is homogeneous. Writing €;; for the image of e;;,
(A/T)o = k%2, (A/I)1 = ke @ keas, (A/T)a=0 (d=2).

In particular, €19€23 = 0.



Example 1.34. Let A = k[z] with degz = 1, and let I = (x —22). The ideal I is two-sided because A
is commutative. Every element of I vanishes at x = 1, whereas neither x nor x> does. Thus x—x? € I
but z,2> ¢ I, so I is not homogeneous. Writing f = f + I, we have 0 # T = 22. The images of A
and Ay therefore intersect non-trivially, so A/I does not inherit the quotient grading. As an ungraded
algebra, the quotient is semisimple:

kiz]/(z —2*) S kak, > (£(0), £(1)).
The inverse sends (a,b) to a + (b — a)T.

Definition 1.35. The positive degree ideal of a graded algebra A is Ay = @, Aiﬂ

The subspace A4 is a homogeneous two-sided ideal.

1.7 Tensor products of vector spaces

Definition 1.36. Choose a basis {u; | i € I} of U and a basis {vj | j € J} of V. The tensor product
U @y V is the vector space with basis {u; ® vj |i €I, j e J}.

The assignment (u;,vj) — u; ® vj extends uniquely to a bilinear map U x V' — U @ V sending
(u,v) = u ® v. Note that this means that elements like (au; + buz) ® (cv; + dve) in U ®k V' is by
definition the linear combination ac(u; ® v1) + ad(u; ® va) + be(ug ® v1) + bd(uz @ va).

Proposition 1.37 (Universal property). FEvery bilinear map b : U x V. — W has a unique linear
factorisation (commutative diagram)

UxV (u,v)—u®uv UV
|
VM v
w.

Consequently, U @k V is independent of the chosen bases up to a unique isomorphism preserving the
bilinear map.

Proof The formula b(u; ® vj) = b(uj, v;) determines a unique linear map UV > W.
Bilinearity gives b(u ® v) = b(u,v) for all u € U and v € V.

Suppose t : U xV — T and t' : U x V — T’ both satisfy the universal property. They give
unique linear maps a: T — T and b:T" — T withaot =t and bot' =t. Both boa:T — T
and idp : T" — T factor t through itself, since

(boa)ot=bot =t=idrot.

Uniqueness for (T',t) gives boa = idp. Likewise, (aob) ot' = aot =t =idy ot’, so uniqueness

for (T7,t") gives aob = idp. O
For finite bases with |I| = r and |J| = s, we obtain dimy(U ®g V) = rs. We use the canonical
identifications

U V)W S U (VearW), u®v)wr— ud (vew),

ko U = U, c®uvr— cu,

and set U®x0 .= k.

2Tt is also called the augmentation ideal; we avoid that terminology.



1.8 Direct sums and direct products

For an arbitrary family (M;);cr of right A-modules, indexed by a set I, the direct product and direct
sum are

i€l
@Mi = {(m;)ics € HMl | m; = 0 for all but finitely many 4}.
i€l i€l

Addition and the A-action are componentwise; the same definitions apply to vector spaces by taking
A =k. Thus @,.; M; C [[,c; M;, with equality for finite I. For example, (1,1,...) € [[;5ok does
not belong to @,-yk. In a direct sum, an element is a finite sum of its components; no notion of
convergence is involved. For instance, ordinary polynomials use non-negative powers, whereas Laurent
polynomials allow integer powers, but both are finite sums:

k[z] = @kx”, k[z,z7!] = @kaj”.
n>0 neL

The formal power series ring allows arbitrary coefficients:

k[[z]] = Z anz" | an € k for every n >0 p = H ka™ as vector spaces.
n>0 n>0

Addition is coefficientwise, and multiplication is

<n220 anm”> (nzzo bnx”> = Z(i ajbn_j)m”,

n>0 ;=0

Tensor products distribute over direct sums in either variable. For vector spaces U,V and arbitrary
families (U;)ier, (V;)jes indexed by sets I, J, there are natural linear isomorphisms

(BU) &xV = PWiec V), (wier®v— (w @ v)ier,

i€l i€l (1 5)
U (DVi) = DUy, us W)ies — (WS v)jes.
JjeJ JjeJ

The displayed bilinear assignments induce these linear maps by Proposition[1.37} On the ith summand,
the inverse of the first map sends u; ® v to the element with u; in coordinate 7, tensored with v. On
the jth summand, the inverse of the second sends u ® v; to u tensored with the element having v; in
coordinate j. Extending over the direct sums gives the two inverses.

For direct products, the corresponding map need not be an isomorphism.

Lemma 1.38. For an arbitrary family (U;);cr of vector spaces, indexed by a set I, and a vector
space V', the coordinate projections define a linear map

(ITvi) exv — [[Wiekv),  ()i®v— (w ) (1.6)
icl icl
This map is injective, and is an isomorphism if I is finite or V is finite-dimensional. The same

statements hold with the two tensor factors reversed.

Proof The bilinear map ([[;c;Ui) X V = [L;e;(Ui @k V), ((4)i,v) + (u; ® v);, induces

10



(1.6) by Proposition Every element can be written  ,_; u® @ vy with the v, linearly
independent: choose a basis of the span of its finitely many second factors. If its image is zero,

then >, uy) ® vy = 0 for every i. The tensor-product basis construction gives uz([) = 0 for all
i, £, proving injectivity. If vq,..., v, is a basis of V, the inverse is

H(Ui Rk V) — (H Ui> RV, (Z ul(-ﬁ) & W)i — Z(uy))z & vp.
/=1 /=1

i€l i€l

For finite I, products equal sums. Reversing the tensor factors gives the other statements, since
URkV > VRU, u®v+— v u, is an isomorphism. O

Example 1.39. The comparison in (1.6 need not be surjective when V' is infinite-dimensional.
Take U; = k fori > 1 and V = @jZI kv;. Under k @, V =V, the image of the product
comparison in (1.6) is

(wi)s € HV dimy spany {w; | i > 1} < co
i>1

Indeed, the image of Zzzl(cz@)i ® wy has every entry in span{wi,...,w,}. Conversely, ex-
pand all entries in a basis of their common finite-dimensional span. Since the v; are linearly
independent, (v;); is not in the image.

1.9 Bimodules and enveloping algebras

Definition 1.40. For k-algebras B,C', a bimodule gM¢ is a vector space with k-bilinear left B- and
right C-module actions satisfying (bm)c = b(mc) for allb € B, ¢ € C, and m € M. The subscripts
indicate the left and right acting algebras; when B = C = A, we call M an A-bimodule. A bimodule
homomorphism f : pMc — pN¢ is a linear map satisfying f(bmc) = bf(m)c for allb € B, ¢ € C,
and m € M. For graded B,C, a bimodule M is graded if M = @, , M; and B;M;Cy, C My jir for
alli,j,k € Z. A graded bimodule homomorphism is a bimodule homomorphism f: M — N satisfying
f(M;) C N; for alli € Z.

Convention. e Bilinearity implies that k acts centrally: (c1g)m = cm = m(cle) for c € k. From
the perspective of general module theory over general rings (algebras over non-field commutative
rings), we should have said that our bimodules are k-central bimodule. Since we alawys work
over a field, all bimodules we considered are always k-central and we will not write such adjective
every time.

e Instead of saying (B,C)-bimodule, we usually just write pMc. It would be natural to write
BModC' for the category of (B,C)-bimodules, but since k-centrality comes for free from the
assumption of k being a field, we can use Mod C ®y B°P instead.

Example 1.41. o Multiplication makes Aa a graded right module and 4Aa a graded bimodule;
each degree component is a bimodule 4,(A;)A,-

e For a bimodule AM 4 and idempotents e, f € A, the space eM f := {enf |n € M} is a bimodule
eae(eMf)pay-

Definition 1.42. For a k-algebra A, its enveloping algebra is A" := A ® A°P, with multiplication
extended bilinearly from

(a®P)(d' ® (1)) = ad’ @ (D)P,  lyen =14 ®1P (a,b,a’, b € A).
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A bimodule 4 M 4 becomes a right A°"-module by

m-(a®b®P)=bma (a,b€ A, me M). (1.7)

The first tensor factor records the right action, and the second the left action:
(m-(a® b)) - (' @ (b')P) = b'bmaa’ = m - (ad’ @ (b'b)P).

Conversely, for M € Mod A", define ma =m - (a® 1) and bm = m - (1 ® b°P). The two actions
commute because a ® 1 and 1 ® b°°? commute in A°". For bimodules 4 M4, 4N4, a linear map
u: M — N satisfies

u(bma) = bu(m)a (a,b e A, me M) <= u €& Homgen(M,N).

Thus A Mod A is identified with Mod A°". More generally, for k-algebras B, C, the vector space
C ®k B°P is an algebra with

(c®bP)(d @ (V)P) = e’ @ (b'b)°P, 1=1c®1%.
The same construction identifies the categories

BMod C ~ Mod(C ® BP), m - (c® b°P) = bme.

Grant-Iyama [?, §2, p. 2591] identify bimodules with left modules over A", using (a ® b°P)m =
amb. Our right module convention is (1.7): m - (a ® b°?) = bma. Both describe the same
bimodules; the side on which A®® acts determines the formula.

Remark 1.43. For a finite-dimensional semisimple k-algebra .S, semisimplicity of S requires an
additional condition. For a field extension K/k, give K ®j S the multiplication (¢ ® s)(d®1t) =
cd® st. The algebra S is called separable over k if K ®j S is semisimple for every field extension
K/k. By [?, Theorem 6.1.2, p. 105],

S is semisimple <= S is separable over k.

For a product of matrix algebras, every field extension K /k gives

n n
K @ | [ Maty, (k) = [] Mat,,, (K),  c® (a;); — (cay);.
j=1 J=1

The target is semisimple by Theorem Thus products of matrix algebras over k are separa-
ble; in particular, every finite-dimensional semisimple algebra over an algebraically closed field
is separable. Semisimplicity of S alone does not imply semisimplicity of S°" over an arbitrary
field.

Example 1.44. Let k = Fo(t), where t is an indeterminate, and let S = k[u]/(u® —t), also
writing u for its residue class. The element t is not a square in k: an equality p(t)> = tq(t)?
for non-zero polynomials would give 2degp = 1+ 2degq. Thus u? —t is irreducible and S is a
field, hence semisimple. However, since S is commutative and has characteristic 2,

S =S @k S = S[u]/(v* —t) = Sll/((v — u)?) = S[el/(¢?).

Here the first tensor factor supplies the coefficients, v corresponds to 1®u, ande = 1Qu—u®1.
The ideal Se is non-zero, has square zero, and is the unique mazimal ideal, so rad(S") = Se # 0.
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Thus S" is not semisimple, and the field extension S/k already shows that S is not separable
over k.

1.10 Graded k-linear duals

A linear functional on a graded vector space can be non-zero on infinitely many degrees. To obtain a
graded space, retain only finite sums of homogeneous functionals.

Definition 1.45. For a graded vector space V = @, Vi, the graded k-linear dual is the graded vector
space
D(V)=EDV),  D(V); = D(V-;) = Hom (V, k(i)).
1€EZ
Note that here k is regarded as a graded module concentrated in degree 0.

Linear duality reverses the side of a module action. For a right A-module M and a left A-module N,
set

(af)(m) = f(ma), (ga)(n) =g(an) forae€ A, f € D(M), g€ D(N), me M, ne N. (1.8)

For graded modules these actions restrict to the graded linear duals: if a € A, and f € D(M),, then
af vanishes outside M_,_,.

Example 1.46. Let A = kA3 and P, = e11 A as in Example . The functionals €1j(e10) = 6j¢ for
1 <4, <3 form a basis of D(Py), with

degeyj =1—j, €12€12 = €11, €23€13 = €12, €jj€15 = €15-

The actions follow from (1.8]).

For any u € Hom (M, N), we have a dual map
D(u): D(N) — D(M), f fou,
which is a left A-linear map, i.e. D(u) € Homgopr(D(N),D(M)). This gives rise to four exact
(contravariant) functors (without any finiteness assumption):
D : (Mod A)°P — Mod(A°P), D : (Mod(A°))°P —s Mod A,
D: (GrMod A)°® — GrMod(A°P), D : (GrMod(A°?))°? — GrMod A.
Exactness follows from Example degree by degree for D.

(1.9)

For these to be duality, we need to recover a module from its bidual; this requires some finiteness
conditions.

Lemma 1.47. Let A be a k-algebra.

(1) The functor D defines a duality between finite-dimensional right and left A-modules. In partic-
ular, if A is finite-dimensional, then we have a duality on finitely generated modules

D : (mod A)°® = mod(A°), D : (mod(A%))°P = mod A.

(2) Suppose that A is graded. For locally finite-dimensional M € grmod A, evaluation is a natural
graded module isomorphism

evy : M = D(D(M)), m+— (f — f(m)). (1.10)

In particular, we have a duality between locally finite-dimensional graded right and left A-
modules:

D : (grmod A)°? =5 grmod(A°P), D : (grmod(A°P))°P =5 grmod A. (1.11)
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Proof First we show that ev); is A-linear. Indeed,

evir(ma)(f) = f(ma) = evar(m)(af) = (evm(m)a)(f) (m e M, ac A, fe D(M)).
For (1), the claim follows from Example For (2), apply (1) degree-wise. O

For a locally finite-dimensional graded vector space V, restriction gives

D(V) =@ D(V_s) c DV) = [[DV)).

€7 1E€EZ

The inclusion is equality exactly when only finitely many V; are non-zero. For an arbitrary vector
space, evaluation V' — D(D(V)) is injective but need not be surjective; hence the functors in
(1.9) are not dualities on all modules.

Example 1.48. Graded linear duality need not preserve finite generation, even for a polynomial
ring. Let A = k[z] with degx = 1 and let e,(2™) = dpm for n,m > 0. Then dege, = —n,
zeg = 0, and xe, = en—1 for n > 1. Any finite set of elements of D(A) lies in the span
of €0y...,en for some N, and multiplication by x preserves that span. Thus D(A) is locally
finite-dimensional but not finitely generated.

For vector spaces V, W, a functional f € D(V) and a vector w € W define a linear map V" — W,
v — f(v)w. Finite sums of these maps give the following description of Hom.

Proposition 1.49. For vector spaces V, W, there is a natural linear map
W @k D(V) — Homy (V, W), w® fr— (v fv)w). (1.12)

It is an isomorphism if either V. or W is finite-dimensional.

Proof If V has a finite basis {v; | 1 < i < n} with dual basis {v] | 1 < ¢ < n}, the inverse of

i
Homy(V,W) — W@ D(V), F+— > F(u)®u]

70
i=1
since v = Y i vi(v)v;. If instead W has a finite basis {w; | 1 < j < m}, write F(v) =
Z;”Zl fj(v)w;; the uniquely determined coordinate functionals f; € D(V) give the inverse
F — Z;”Zl w; @ fj. The formulas commute with precomposition and postcomposition, so

the comparison is natural. O

Assumption 1.50. For simplicity, from now on and unless stated otherwise, we assume that all
graded algebras are Z-graded with A<g =0, and

Ag=5= éLBkei
i=1

is semisimple with coordinate idempotents eq,. .., e,.

This simplifies many cumbersome check when dealing with dual modules — the general setting requires
using S-dual, which is naturally isomorphic to k-dual via a choice of ‘symmetrising form’; we will try
to deal with this general setting in the advanced sections.

For a bimodule gMg, the k-linear dual retains both actions:

(sAt)(m) = A(tms) (s,t €S, Xe D(M), me M). (1.13)
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With precomposition on morphisms, we obtain functors
D : (Mod S°")°? — Mod S", D : (GrMod S°")°? — GrMod S",

whose restrictions to finite-dimensional bimodules, and to locally finite-dimensional graded bimodules,
are dualities by Lemma [1.47

Evaluation preserves both actions: for m € M, A € D(M), and s,t € S,
(sevar(m)t)(N) = evar(m)(tAs) = (tAs)(m) = A(smt) = evpr(smt)(A).

Applying this in each degree gives the graded statement.

In particular, dualising reverses the two idempotents: for 1 <i,j5 < n,
e;D(M)e; = {A € D(M) | AN(exMes) =0 unless (k, ) = (i,j)} = D(e;Mej), (1.14)
since (ejAe;)(m) = A(e;me;) by (1.13).

1.11 S-dual

Under Assumption the k-linear dual is all we need. For an arbitrary finite-dimensional
semisimple S, the choice-free substitutes are the one-sided S-duals below; they are the duals
used in [?, §2.7]. Under Assumption they are canonically isomorphic to D; see Remark

One-sided S-duals.
Definition 1.51. For a right S-module M and a left S-module N, define their S-duals by

M* := Homg(M, S) € Mod(S°P), (sf)(m):=sf(m),
*N := Homger (N, S) € Mod S, (gs)(n) :==g(n)s.

Herese S, me M,ne N, f e M*, and g € *N.

Similar to k-lienar duality, this definition extends to exact contravariant functors: for a right
module map u : M — N, define u* : N* — M* by precomposition u*(f) = f o u; for a left
module map u : M — N, the same recipe defines *u : *N — *M. This yields the desired
functors

(=)* : (Mod S)°? — Mod(S°P), (=) : (Mod(S°P))°P — Mod S.

We also have graded analogue similar to Definition [1.45

Definition 1.52. For graded right and left S-modules M, respectively, define their graded S-
duals by

MY = (PB(M_;)* = P Hom(M,S(i)), M :=H*(M_;) = @ Homb. (M, S(3)),

1EL €L <Y/ 1€L

where each indicated summand has degree i.

This also extends to a functor: for a degree 0 right S-module map u : M — N, define u® :
NG — M) by

(u™); + (N — (M_y)*, fr— fouly_, (i€Z).
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For a degree 0 left module map u : M — N, the same formula defines ®u : N — M. With
the actions from Definition [1.51] we obtain functors

(=)™ : (GrMod S)°P —s GrMod(S°P), (=) : (GrMod(S°))°P —s GrMod S.  (1.15)

Each functor in ([1.15]) restricts to locally finite-dimensional modules: replace GrMod by grmod
in its source and target. Indeed, for R = S or S°°» and M € grmod R,

dimy, HomR(M_i, R) < (dlmk M_Z)(dlm]k R) < o0 (Z S Z) (116)
Lemma 1.53. We have dualities

(=)* : (mod S)°° = mod(S°P), *(=) : (mod(S°P))°P = mod S,
(=)™ : (grmod §)°® =5 grmod(S°P), (=) : (grmod(S°))°P =5 grmod S.

Proof We show that evaluation gives natural isomorphisms of functors
8 e s — =1 idmod(sory = (“(=))",
with components
evy : M =5 (M*), mv—— (f— f(m)) (M € modS),
evy : N = (*N)*, n+— (g~ g(n)) (N € mod(SP)).
For w: M — N in mod S, m € M, and f € N*,

("(u")(evar(m))) (f) = (u"f)(m) = f(u(m)) = evn (u(m))(f)-
Hence *(u*) oevyr = evy ou. For M = S, evaluation is an isomorphism: its inverse sends
F € *(5*) to F(idg). Indeed, every f € S* satisfies f(s) = f(1)s, so F(f) = f(1)F(ids) =
f(F(idg)). Restriction to summands identifies the dual of a finite direct sum with the direct sum
of the duals; evaluation therefore is an isomorphism for S®". By Corollary MoL = 8% for

some L. Under the direct sum identifications, evygr = evar @ evy, so evyy is an isomorphism.
Replacing S by S°P proves the left module statement.

For the graded cases, apply the ungraded case degree-wise. Note that since S is finite-dimensional,
finitely generated S-module is the same as finite-dimensional S-modules. O

For a bimodule gMg, the linear and one-sided duals retain both actions:

(sA)(m) = A(tms),  (sfO)(m) = sf(tm),  (sg)(m) = g(ms)t,  (L17)

where s,t € S, m € M, A € D(M), f € Homg(M,S), and g € Homgop (M, S). The functionals
still take values in k or S. With precomposition on morphisms, we obtain

, (=)*, *(=) : (Mod §°")° — Mod S,
()", (=) : (Mod §) — Mo s,

D
D, (—)®), ®(=): (GrMod §)°P —s GrMod S°".
The restrictions to finite-dimensional modules, and to locally finite-dimensional graded modules,

are dualities by Lemmas and Evaluation preserves both actions: for m € M, f € M*,
and s,t € S,

(sevar(m)t)(f) = f(sm)t = f(smt) = evar(smit)(f).
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The corresponding checks for D and the left dual use the same evaluation formula; applying
them in each degree gives the graded statements.

Recall from Definition and ((1.7) that S°" = S ® S°P and S-bimodules are the same thing
as S°"-modules via m - (s ® t°P) = tms.

Definition 1.54. The two-sided dual of a bimodule sMg is

M*e» := Homgen (M, S), (sFt)(m) := (s ®@t°°)F(m) (s,t€ S, Fe M, meM).
In Definition M has the right action (1.7)), so F(tms) = F(m)(s ® t°P). The output is a
left S®"-module by multiplication on the values, which gives the displayed bimodule action. The
two-sided dual takes values in S, not in S. On bimodule morphisms it acts by precomposition,

as do D, (—)*, and *(—); each is a contravariant functor on the category of S-bimodules. The
two-sided dual records both module actions in the target algebra S°".

For a graded bimodule Mg, define its graded two-sided dual by

M(*cn) - @(M_i)*cn’ (M(*Cn))i _ (M_i)*cn‘
€L

Definition gives a functor
(—)(*e") : (GrMod S°")°P — GrMod S°". (1.19)
On a degree 0 bimodule map u : M — N, its degree ¢ component is
(uten)); o (N_j)*n — (M_;)*»,  F+—— Fouly_, (i€Z).
The functor restricts to locally finite-dimensional bimodules by with R = S°".

The four duals above follow the distinction in Grant—Iyama [?, §2.1, pp. 2592-2593], with the
following notation changes:

construction Grant—Iyama ‘ these notes
k-linear dual M* D(M)
left S-linear dual MHe *M
right S-linear dual MHr M*
two-sided dual MY MHen

The last row also changes the convention for enveloping modules. Their F' : M — S°" is left

S linear. Define
o: 8" — SN, a®b® — b® a®P.

Since o(xy) = o(y)o(x) for z,y € S, the map oo F': M — S°" satisfies
(0o F)(tms) = (oo F)(m)(s ®t°?) (s,t €S, me M),

and belongs to our M*en. Thus MY — M*e, F s oo F, translates their two-sided dual into our
convention. In particular, their star denotes the linear dual; our star denotes the right S-dual.
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1.12 Comparing the duals

The one-sided S-duals and the k-linear dual are naturally isomorphic after choosing a sym-
metrising form on S.

Definition 1.55. A symmetrising form on a finite-dimensional k-algebra S is a linear map
T : S — k satisfying

T(st) = 7(ts) for all s,t € S, (r(st) =0 forallt e §) = s=0.
An algebra admitting such a form is symmetric.

The second condition in Definition says that the bilinear form (s,t) — 7(st) is non-
degenerate: every non-zero s € S pairs non-trivially with some ¢ € S.

Every finite-dimensional semisimple k-algebra admits a symmetrising form. For products of
matrix algebras over k, the forms are explicit:

Example 1.56. The following maps are symmetrising forms:

n
7: k%" —k, (a1,...,an) n—>Zaj,
J=1
n
7 : Mat, (k) — k, a+— Tr(a) := Zaii’
i=1

and more generally, T : H Mat,; (k) — k, (ai,...,an) — ZTr(aj).
j=1 j=1

Generally, any finite-dimensional semisimple algebra has a symmetrising form, by Eilenberg—
Nakayamaﬂ For the graded analogue, see [?]. For example, let A; : A; — k be a symmetrising
form on a finite-dimensional division k-algebra A; for j = 1,...,n. Then the semisimple algebra
S = H?Zl Mat,;(A;) has a symmetrising form given by

n nj

TS —k (a1, an) — > Y Ni((ag)i).

j=1 i=1

Theorem 1.57 (Comparison of duals). Choose a symmetrising form 7 : S — k. For
M € mod S and N € mod(S°P), postcomposition with T gives S-module isomorphisms

ay : M* — D(M), fr—Tolf, Bn:*N — D(N), g+~—rTog, (1.20)

=

natural in M and N. Applied in each degree, the same maps give natural isomorphisms M*)
D(M) and *IN = D(N) for M € grmod S and N € grmod(S°P); we again write apy and By .

We can spell this out more precisely:

Ungraded duals. The isomorphisms ((1.20]) give natural isomorphisms

a (_)* = D of functors (mOd S)Op - mod(sop)’

1.21
B:*(=) = D of functors (mod(S°?))°® — mod S. (1.21)
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Graded duals. Composition with 7 in each degree gives natural isomorphisms

a: (=) 5D of functors (grmod §)°P —s grmod(S°P),

N (1.22)
B:®(=) S D of functors (grmod(S°P))°P —s grmod S.

For M € grmod S and N € grmod(S°P), the degree i components are aps_, and Sy_,, respec-
tively.

Proof We prove the right module statement, i.e. taking aps(f) := 7 o f yields
ungraded case a : (=)* = D, and graded case o : (—)*) =5 D.

First, non-degeneracy of 7 gives an isomorphism S — D(S), a — (s — 7(as)). Hence, for
A € D(M), there is a unique linear map f : M — S satisfying

7(f(m)s) = X(ms) forallme M, se S. (1.23)

For m € M and s,t € S,

7(f(mt)s) = Nmts) = 7(f(m)ts),
so non-degeneracy implies f(mt) = f(m)t. Taking s = 1 in (1.23)) gives 7 o f = A; conversely,
every right S-linear preimage of A must satisfy (1.23). Thus a,s is bijective.

Both M* and D(M) are left S-modules, so the component ajs : M* — D(M) must preserve
the left action:

ay(sf)(m) = 7(sf(m)) = 7(f(m)s) = 7(f(ms)) = (sam(f))(m) (s €S, fe M, meM).

For a right module map u : M — N and f € N*, associativity of composition gives ap/(fou) =
an(f) ou, proving naturality.

For the graded comparisons, apply the ungraded natural isomorphism degree-wise.

Same argument applies dually to S°? and £. O
Remark 1.58. The natural isomorphisms in Theorem depend on the chosen symmetrising
form. For example, every choice ci,...,c, € k\ {0} gives a form 7(a1,...,a,) = Y ;" | cia; on
k®", Under Assumption we always use the standard symmetrising form 7¢(> ;. a;e;) =
> iy a;, which involves no choice; then ajs and Sy are canonical isomorphisms.

Remark 1.59 (General S). For an arbitrary finite-dimensional semisimple S, identifying an S-
dual with a k-linear dual requires choosing a symmetrising form. If 7/ is another one, then
7/(s) = 7(2s) for a central unit z € S, and the two identifications differ by multiplication by z;
see Exercise [L.66{3).

Remark 1.60. Let A be a graded algebra with Ay = S. The space Homg (M, S) has no natural left
A-module structure on its own, but acquires one after picking a symmetrising form v of S; under
Assumption [I.50| we pick 7 = 75. Indeed, the graded comparison as of Theorem [I.57|transports
the canonical left A-action on D(M) to the graded S-dual of a locally finite-dimensional module:

af = a]_wl(aaM(f)) for right M, ga = B&l(ﬁN(g)a) for left N,

where a € A, f € M®_ and g € ®)N. Similarly for right action on left dual.

The comparison theorem has a bimodule version:
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Theorem 1.61. With the actions in (1.17), we obtain natural isomorphisms of functors

(=)= D& (=) :(modS™)°P — mod S,

- (1.24)
(—)® 5D ? (=) : (grmod S°*)°° — grmod S°.
There is also a natural isomorphism w : (—)*n = (=)* given by
wpr 2 M — M*, F— (mw— ZajT(bj)) for F(m)= Zaj ® b(;p, (1.25)
J J

which also depends on T, but does not require S to be semisimple.

Consequently, on finite-dimensional S-bimodules and Ifd graded S-bimodules we have natural
isomorphisms:

Ungraded: (—)*" = (=)* = D % *(=) as functors (mod S")°? — mod S,

~

Graded: (—)0en) =5 (—)() % () (=) as functors (grmod S°)°P — grmod S°".

Proof The form 7en(a ® b°P) = 7(a)7(b) is symmetrising on S". Indeed, 7en((a ® b°P)(c ®
d°P)) = 7(ac)7(db) = 7(ca)T(bd), and its pairing is the tensor product of two non-degenerate
pairings. The formula (|1.25)) satisfies

war(F)(ms) = war(F)(m)s, war(sFt) = swy(F)t, apr(war(F)) = Ten o F.

The argument , applied to S°* and Te,, makes F' +— 7, o F' an isomorphism. Thus wys
is an isomorphism. For a bimodule map v : M — N and F € N* the formula (1.25)) gives
wy (F ou) = wy(F) o u, proving naturality. Taking the direct sum of wys_, over i € Z gives
the graded two-sided comparison. Each component is a bimodule isomorphism, and naturality
follows in each degree from the ungraded comparison. O

“S. Eilenberg and T. Nakayama, On the dimension of modules and algebras, II. Frobenius algebras and quasi-
Frobenius rings, Nagoya Math. J. 9 (1955), 1-16, §2, Propositions 3-5, pp. 4-5;|d0i:10.1017,/S0027763000023229.

1.13 Exercises

Exercise 1.62 (Matrix calculations). Let n > 2 and A = kA,,. Verify the grading in Example[1.19
uSing e;jepg = Ojpeiq- Compute rad A from its definition as the intersection of all maximal right ideals.

Hint. The strictly upper triangular ideal J satisfies J" = 0. Show that LJ = 0 for every simple right
A-module L, and use the diagonal maps A -k, X — Xj;, for 1 <i<n.

Exercise 1.63 (Shifts and duals). Let A =kAs and M = exn A with the inherited grading.

(1) Find a homogeneous basis of D(M), its degrees, and all non-zero actions of matriz units on the
basis vectors.

(2) Show that keis C Aess is a graded left submodule and that
D(M) = (Aess/keis)(1)
as graded left A-modules.
(3) Deduce that D(M) 2 (Aejj)(r) for every j € {1,2,3} and r € Z.

20


https://doi.org/10.1017/S0027763000023229

Hint for (3). Compare dimensions and the actions of e11, €22, €33.

Exercise 1.64 (Homogeneous maps). The finite-generation hypothesis in Lemma is needed.
Let S =key @ key with componentwise multiplication, let N = e1.S have degree 0, and put

M = @(615)(—i) = @kmi, degm; =i, mie; =m;, mies =0.
>0 >0

For the S-linear map f : M — N with f(m;) = ey for every i > 0, determine all homogeneous
components and prove that f is not a finite sum of homogeneous maps.

Exercise 1.65 (Dependence on the form). Let S = (kAs)g = kepp @ kega, V = (kdz)1 =
ke, and c1,c0 € k\ {0}. Set 7(ae11 + bega) = cra + cob and let € : V — k satisfy e(e12) = 1.
Find the right and left S-linear maps corresponding to € under , and determine how they
depend on cy,ca.

Exercise 1.66 (Dependence of the action on the form). The transported A-action can
depend on the symmetrising form, but its graded isomorphism class does not. Let A = kAs,
S = key1 @kego, and M = e11 A, with the inherited gradings. For c = (c1,co) € (k\{0})?, define

Te: S — k, ae11 + begy — cia + cob  for all a,b € k. (1.26)

Write o : M) — D(M), f > 70 f, and let a - f = a;  (ace(f)) be the transported action of
Remark[1.60. Consider the right S-linear maps

©o - M — S, aeil + b€12 — aeqq, (1 27)
w1 : M — S, aeiq + bejg — beas  for all a,b € k. i

(1) Verify that 1. is symmetrising and that g, p1 form a homogeneous basis of M® . Deter-
mine their degrees.

(2) Calculate the actions of e11, €22, €12 on o, 1. For e, € (k\ {0})?, prove that -. = - if
and only if ¢ = pc for some p € k\ {0}.

(3) More generally, let A be a locally finite-dimensional graded algebra with semisimple S =
Ag, and let M be a locally finite-dimensional graded right A-module. Let 1,7’ be symmetris-
ing forms on S, with comparison maps o, : M® - D(M) given by composition with
7,7, respectively, and transported actions -, .. Prove that there is an invertible z € S
satisfying 7'(s) = 7(zs) for every s € S, and that

v (M(*)7 'T’) — (M(*), 'T)a (p)/f)(m) - zf(m)

is an isomorphism of graded left A-modules. Deduce that the modules in (2) are isomorphic
for every c¢,c, and give the isomorphism on @g, ©1.

Hint for (3). Compare o with o
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2 Tensor and quadratic algebras

2.1 Tensor products over an algebra

Definition 2.1. Let A be any k-algebra, M a right A-module, and N a left A-module. The tensor
product of M and N over A is the vector space

M ®y N := M ®x N/spang{ma®@n—m®an |m e M, ne N, a € A}.

Write m ® 4 n, or simply m ® n, for the image of m ® n in this quotient. Thus ma @4 n =m Q4 an
forallm e M, n € N, and a € A.

Lemma 2.2 (Basic properties of tensor products). Let A be any k-algebra, M a right A-module,
and N a left A-module.

(1) (Universal property) For a vector space W and a bilinear map b : M x N — W satisfying
b(ma,n) = b(m,an) for allm € M, a € A, and n € N, there is a unique linear factorisation
(commutative diagram)

(m,n)—»m®an

M x N M ®s N
|
V bilinear b s.t. b(-m \L]H!b
w.

(2) If B,C are k-algebras and My, aNc are bimodules, then M ®4 N is a bimodule (M ®4 N )¢
with
b(m ®4n)c=bm®y nc (beB, ceC, me M, neN).

For right A-module maps uw : M — M’ and left A-module maps v : N — N', the assignment
(m,n) — u(m) @ v(n) induces

URav:MRAN — M @4 N, m®@n — u(m) @ v(n).
These define functors
(=) ®a N :Mod A — ModC, M ®4 (=) : Mod(A°P?) — Mod(BP).
On bimodule maps, they retain the outer actions:

(=) ®4 N :BModA — BModC, M ®4(—): AModC — BModC.

(3) For k-algebras A, B, a right A-module U, a bimodule AVp, and a left B-module W, there is a
natural linear isomorphism

(URAV)RBW S U (Ve W), (LRV)@wr— u® (v w).
There are also natural module isomorphisms
M®isAS M, m®a— ma, A4 N S N, a®n+— an.
Moreover, these maps are linear with respect to any additional bimodule action on U, W, M, N.

(4) Tensor products distribute over direct sums in either variable. For arbitrary families (M;);cr of
right A-modules and (Nj)jey of left A-modules, indexed by sets I,J,

(@ Mi) ®a N = @(Mz ®aN), (mi)ier ®nr— (m; ® n)ier,

el i€l
M ® 4 (@]\Q) = @(M XA Nj), m & (nj)jej — (m®nj)j6].
JjeJ JjeJ
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Proof For (1), Proposition gives a unique linear map M @k N — W, m @ n — b(m,n).
The map vanishes on the defining subspace precisely when b(ma,n) = b(m, an).

For (2), the outer actions preserve that subspace: for b € B, c € C, and a € A,
b(ma®n —m ® an)ec = (bm)a ® nc — bm ® a(nc).

The module axioms follow from those on M and . For module maps u, v,

u(ma) @ v(n) = u(m)a @ v(n) = u(m)  av(n) = u(m) @ v(an),
so the displayed formula induces u ® 4 v. The functor identities follow from (v’ ® v')(u(m) ®
v(n)) = v'u(m) ® v'v(n) and (idy; ®idy)(m @ n) = m ® n. If u,v preserve the outer actions,
then u ® 4 v does as well.
For (3), both parenthesisations impose

(ua) V@ w =uQ (av) ® w, u® (W) Qw=uRv® (bw) (a€ A, be B).

Thus the displayed associativity map and the reverse assignment are well-defined and inverse.
The unit inverses are M - M @4 A, m+— m®1,and N > AR4 N, n— 1&®n.

For (4), the bilinear map ((m;)ier,n) — (m; ® n);er satisfies the identity in (1), so it induces
the displayed linear map. For each i € I, let ¢; : M; — € jer Mj be the inclusion. The inverse
sends m®mn in the ith summand to ¢;(m) ®n and extends over the direct sum. Both composites
fix every element m ® n from a summand. The other variable is handled in the same way. [

Lemma 2.3 (Hom and finite direct sums). For finite sets I,.J and right A-modules M;, N;, there
s a natural isomorphism

Homy (@ M;, @ Ni) = @HOIHA(MJ‘, Ny),

jeJ i€l jzgg (2'1)

[ — (mifi))ier, jer,

where vj : My — @jic; My and 7; : @, c; Niv — N; are the inclusions and projections.

Proof Write 7 : @,/ ; My — Mj and ¢f : N; — @, Niv for the remaining projections and
inclusions. The inverse sends (fij)ier, jes t0 D i1 2 jey tifijT;j- Both composites are identities
because Zje.} LjW;‘ and ), ;vim; are identity maps, while 7T;-Lj/ = 055 idps; and Ty = 0y id ;.
The same formulas commute with pre- and postcomposition, proving naturality. ]

Lemma 2.4 (Hom, direct sums, and direct products). Let M, N be right A-modules,
and let (M;)ier and (N;)ier be arbitrary families of right A-modules, indezed by a set I. Write

v o M; — EBjeI M; for the inclusions and m; : Hje[ N; — N; for the projections. There are
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natural linear isomorphisms

HomA<@Mi,N> = HHOHIA(Mz’,N), [ (foti)ier,

iel icl
HOInA(M7HNi> = [ [Homa(M, Ni), f— (mio fier-
i€l el

There is also a natural injection

&P Homa (M, N;) — Hom <M7 @Ni), (fi)ier — (m = (fi(m))ier),
i€l el

which is an isomorphism when M is finitely generated.

Proof The inverse of the first map sends (f;)ier to (ms)ier = >,y fi(mi); the sum is finite
because (m;);er has finite support. The inverse of the second sends (f;)icr to m — (fi(m))ier; a
direct product imposes no support condition. For the third map, coordinate projections recover
each f;, proving injectivity. If mq,...,m, generate M, the images of these generators under
f: M — @,c; N; are supported on a common finite subset J C I. Then f(M) C @,c; N,
so f comes from a finite family of maps. All three constructions commute with precomposition
and postcomposition. O

Proposition 2.5 (Tensor products and direct products). Let A be a k-algebra, M, M;
right A-modules, and N, N; left A-modules, with i € I. The coordinate projections define linear
maps
KN : (HMl) XRa N — l—I(]Wz XA N), (mz)l XRn — (ml X n)i,
' ' (2.2)
A M ®gy (H]\Q) — H(M ® A4 Ni), m (’I’Ll)l — (m®nl)l
i i

(1) If I is finite, both maps are isomorphisms.

(2) The map K is an isomorphism if N is a direct summand of A®" as a left module for some
finite r. The corresponding condition on the right module M makes Apr an isomorphism.

(3) If A is finite-dimensional semisimple, both maps are injective. Moreover, KN 1S an iso-
morphism when N is finite-dimensional, and \p; is an isomorphism when M is finite-
dimensional.

Proof The formulas in (2.2)) are bilinear. For s € A, the component identities (m;s) ® n =
m; ® sn and (ms) ® n; = m ® sn; show that both formulas give well-defined maps from the
indicated tensor products. For finite I, products equal sums, and Lemma (4) proves (1).

For N = A, the map 4 is the identity on [[, M; under m ® s — ms. For N = A®", both sides
are ([]; M;)®", since a finite direct sum commutes with a direct product. If N & N’ =2 A" the
comparison for N @ N’ is Ky @ kys. Its bijectivity implies the bijectivity of xy. This proves
the assertion about ky in (2).

Now let A be finite-dimensional semisimple. For finite-dimensional N, Corollary gives (2).

For arbitrary N, take z =Y ,_, m® @ ny in Ker kx and set Ny = > y—1 Ang. The submodule
Ny is finite-dimensional and has a complement in N by Theorem Thus the inclusions

(T12:) ©aNo — ([T M:) ®a N, Mi@a No— Mi@a N
% %
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are injective, by the direct sum formula in Lemma (4) Regard z as an element with second
factors in Ny. The equality xxy(z) = 0 then gives kn,(z) = 0. Aince kp, is an isomorphism,
z = 0.

For A\j/, apply the same arguments over A°P, using N @ qor M E M 4 N, n®m — m®n. [0

The finite-dimensional hypothesis on the fixed factor cannot be dropped from the isomorphism
assertion: Example [I.39] gives a non-surjective comparison even for vector spaces. Thus tensor
products always distribute over direct sums, but not over arbitrary direct products.

Remark 2.6. For infinite families, Hom need not preserve direct sums in its second variable. For
M = @,~ kv;, the identity M — M does not come from @, Homy (M, kv;): its projection onto
every kuv; is non-zero. Thus the injection in Lemma need not be surjective.

A product in the source of Hom behaves differently from a product in the target. For example,
a linear map [[,~;k — k need not be determined by its restrictions to the coordinate copies
of k. Indeed, (1,1,...) ¢ @,-, k. Define a functional on @,-, k +k(1,1,...) to vanish on the
direct sum and take value 1 at (1,1,...), and extend it to the product by extending a basis.
The resulting non-zero functional vanishes on every coordinate copy.

For a bimodule 4V}, define

y©a0.— g VO =V @a--- @4V (i > 1).
—_———

i factors

Note that there is no parenthesis in the definition of V®4% since Lemma 3) says that tenso product
is an associatitive operation.

Let A, B,C be k-algebras. For bimodules 4 Mp, ¢ Xp, we have Homp(M, X) € C Mod A, with
(cfa)(m)=cf(am) (f € Homp(M,X), ceC, a€ A, me M). (2.3)

If X € Mod B has no specified left action, the same formula defines the right A-action (fa)(m) =
f(am). The left-module version follows by passing to opposite algebras.

Proposition 2.7 (Tensor and Hom). Consider bimodules sMp, pN¢, a right C-module X,
and a left A-module Y. There are maps, natural in M, N,

6, : Home (N, X) ® p Homp(M, B) — Hom¢(M ®p N, X),

)
0r(9® N)(m@n) = g(f(mn), 2.4)
0; : Hompop (N, B) ® g Hom gop (M, Y) — Hom gop (M ®p N,Y), '
0e(g ® f)(m @n) = f(mg(n)).

The maps 0, and 0; are right A-linear and left C-linear, respectively.

(1) The map 6, is an isomorphism if M € add B as a right B-module.

(2) The map 0y is an isomorphism if pN € addyed por (B).

Here add B = addnoq B(B), as in Example . If c X¢c and aYa are bimodules, the respective
maps also preserve the additional actions and are morphisms in C' Mod A.

Proof  Well-definedness of 6,.. For f € Homp(M, B), g € Homg (N, X), and b € B,

g(f(mb)n) = g(f(m)bn), — (gb)(f(m)n) = g(bf(m)n) = g((bf)(m)n).
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These identities respect the defining identifications in both tensor products. Right C-linearity
follows from g(f(m)nc) = g(f(m)n)c for ¢ € C. For a € A,

0:(g @ fa)(m @ n) = g(f(am)n) = (6-(9 © fa)(m @ n).

If X also has a commuting left C-action, replacing g by cg multiplies the value by ¢, so 6,
preserves that action as well.

Bijectivity of 6,. Regard M only as a right B-module. For M = B, evaluation at 1 identifies
Homp(B, B) = B, while multiplication identifies B ® g N = N. Under these isomorphisms, 6,
becomes

Hom¢ (N, X) ® g B — Homg(N, X), g ®b+— gb,

which is an isomorphism by Lemma (3) Finite direct sums commute with both constructions
by Lemma (4) and . Thus 6, is bijective for M = B®", where r > 0 is finite. If
M € add B, choose M’ with M & M’ = B®". The comparison for M & M’ is the direct sum of
the comparisons for M and M’, so both summand maps are bijective.

The left comparison. For f € Homyoer(M,Y) and g € Homper (N, B), well-definedness follows
from

f(mbg(n)) = f(mg(bn)), — f(m(gb)(n)) = f(mg(n)b) = (bf)(mg(n)) (b€ B).

Left A-linearity of f makes the resulting functional left A-linear. For ¢ € C,

Ou(cg ® f)(m @n) = f(mg(nc)) = (cbu(g © f))(m @ n).

If Y also has a commuting right A-action, replacing f by fa multiplies the value by a, so
0y preserves that action as well. For N = B as a left module, evaluation at 1 identifies
Hompor (B, B) = B and turns 6, into

B®BHOH1Aop(M,Y)—)HOonp(M,Y), b f—bf.
The same finite-sum and direct-summand argument proves (2).

Naturality. Let p: M — M’ and ¢ : N — N’ be bimodule maps. For f € Hompg(M’, B) and
g € Home(N', X), applying 6, before or after precomposition gives g(f(p(m))g(n)) at m & n.
For f € Homyor(M',Y) and g € Hompoer(N', B), the two orders give f(p(m)g(q(n))) for 6,.
Thus both comparisons are natural. ]

For an arbitrary finite-dimensional semisimple .S, the one-sided S-duals satisfy an analogue of
Proposition 7?7 without any choice. Consider bimodules gVg, ¢Wyg finitely generated on the
right and left, respectively. Exercise 7?7 shows, using only Corollary that there are natural
bimodule isomorphisms

0, W*RsV* =5 (VRsW)*,  0:*W s*V > *(VesW), (2.5)

(9@ flv@w) =g(f(v)w),  O(g® f)lv@w) = flvg(w)). (2.6)

We refer to (2.5) as anti-distributivity of the S-dual over ®5ﬂ dualising reverses the order of
the factors.

Example 2.8. Finite generation alone does not suffice in Proposition over a general algebra.
Take A = C =k, B =Kk[z], and X =Y = k. Consider bimodules yMp, pNyx with M = N =
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B/(z) = k and the outer k-actions given by scalar multiplication. Every f € Hompg(M, B)
satisfies f(1)x = f(1x) = 0, hence f = 0. Consequently

Homy (N, k) ® g Homp(M, B) = 0, Homy (M ®p N, k) = k.

Both Mp and gN are generated by 1, so neither direct-summand hypothesis can be replaced
by finite generation alone. For the left comparison, Hompepr (N, B) = 0, whereas Homy (M ®p
N, k) =2 k.

For S,V,W as in (2.5), take A =B =S5, C =k, M =V, N =W, and X = k in Propo-
sition [2.7(1). Since Homy(W,k) = D(W), we obtain the natural bimodule isomorphism [?,
§2.1]

0p : DIW) ®s V* = D(V @s W),

Ip(A® f)(v®@w) = A(f(v)w).

The actions on D(W) are those in (1.17). For s € S, naturality with respect to W — W,
w — ws, gives left S-linearity of 0p.

Suppose now that S is equipped with a symmetrising form 7 : S — k, as in Definition [1.55
The two-sided dual of Definition [[.54] satisfies

Oen : W* @g V*r =5 (V ®@g W)*en,
Oen(g ® F)(v @ w) Zg (ajw) ® b3, F(v) :Zaj@)b;’p. (2.7)
We check that the formula defines a map on the two indicated tensor products and preserves both
outer actions. For example, F'(vs) = F(v)(s®1) replaces a; by a;s, while (Fs)(v) = (10s°P)F (v)
replaces b; by bjs. These give, respectively, compatibility with vs ® w = v ® sw and with the

right outer action. Compatibility with (¢gs) ® F = g ® (sF) follows from (gs)(a;w) = g(sa;w).
The other actions follow from right S-linearity of g and F(tv) = F(v)(1 ® t°P).

The comparison maps wys in ((1.25)) give
Wy @sW © Ben = 6r 0 (Idw+ ®wy ),

since both sides send g® I, evaluated at v @w, to 3, g(a;w)7(b;). Thus fen is an isomorphism
by Theorem Precomposition shows that #p and 6., are natural. No assumption that S
is semisimple is used; compare Remark

For the maps ap/(f) = 7o f in (1.20)),
ayggw © 0, = 0p o (o ®idy+),

because both sides send g ® f to the functional v ® w — 7(g(f(v)w)).

%this is not an common phrase in the literature, I only use it as a shorthand for clarifications here-and-there.

For an arbitrary finite-dimensional semisimple S, the one-sided S-duals also describe Hom spaces
and give evaluation and coevaluation maps [?, §2.7].

Lemma 2.9. Let S be finite-dimensional semisimple and sVs a finite-dimensional bimodule.

27



There are bimodule isomorphisms

V®sV* = Endg(V), v®f+— (u — vf(u)),

2.8
*V ®sV = Endger(V), g®v+— (u— glu)v). (28)

The source actions are those of Lemma (2) The target actions are defined, for s,t € S and
u €V, by
(sFt)(u) = sF(tu) for F € Endg(V),

(sGt)(u) = G(us)t for G € Endgop (V). (2.9)

Proof For the first comparison, (vs)f(u) = v(sf)(u) and v f(us) = vf(u)s give a well-defined
map to Endg (V). By Corollary identify Vg with a direct summand of S¥™ for some integer
m > 0, and let p : S¥™ — V be the right S-linear projection. For 1 < j < m, let £; € S¥™ be
the vector with 1 in coordinate j and zero elsewhere, and let g; : S®™ — S be the coordinate
projection. Put v; = p(e;) and f; = g;|v. Then u = 377", v; f;(u) for every u € V. The inverse
is .
Ends(V) = VesV*, Fr— > Fu)® f

j=1

Indeed, one composite sends F' to u +— 37" | F'(v;) fj(u) = F(u), and the other sends

v fr— Y of()®fi=v® ) f)fi=v®f.

J=1 J=1

Applying this construction over S°P proves the second isomorphism, using V ®gop *V = *V®gV,
VR g g .

The commuting left and right actions on V' make bimodule actions. For example, (sF't)(ur) =
sF(tur) = sF(tu)r for r € S, so sF't is right S-linear. The images of sv ® ft and sg ® vt, evalu-
ated at u, are svf(tu) and g(us)vt, respectively. These are exactly the actions in (2.9), proving
bimodule linearity of both comparisons. O

Evaluation applies a functional to an element. Coevaluation expresses the identity endomor-
phism as an element of a tensor product.

Proposition 2.10. For a bimodule sVs, where S is finite-dimensional semisimple, evaluation

gives bimodule maps
V'®sV — S, fev— f(v),

. (2.10)
Ves*V—35 v®g— g(v).
If V is finite-dimensional, the coevaluation maps are
S —VsV* S Endg(V), s+ (v sv), (2.11)

S —*V®sV = Endger(V), s+ (v vs).

The isomorphisms are those in (2.8). Both coevaluation maps are bimodule maps, and each
1mmage of 1 corresponds to idy .

Proof The identities (fs)(v) = f(sv) and (sg)(v) = g(vs) from (1.17) make evaluation

well-defined on the two tensor products; the other two actions give its bimodule linearity. For
coevaluation, left multiplication is right S-linear and right multiplication is left S-linear because
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the two actions on V' commute. Under the endomorphism actions in (2.9)), both multiplication
assignments preserve the two S-actions. The isomorphisms in (2.8) therefore give the stated
bimodule maps. O

For a finite-dimensional graded bimodule gVg, use V® and MV in Proposition With the
total grading of Definition 7?7, evaluation and coevaluation preserve degree: evaluation pairs
degrees ¢ and —i, and idy has degree 0.

The evaluation and coevaluation maps in Proposition [2.10] are the constructions in the last two
paragraphs of [?, §2.7, pp. 484-485], translated to our notation.

For a locally finite-dimensional graded bimodule ¢V, applies to each Vy; a coevaluation
for the whole module need not exist. For example, take S # 0 and V' = @, S(—d). Every
element > " v; ® f; of V ®g V®) defines an endomorphism with image contained in the finite-
dimensional submodule )" ; v;S, so it cannot represent idy .

2.2 Generated algebras

Definition 2.11. Let A be graded with S = Ay. Multiplication makes A1 an S-bimodule and gives
pi i AP — A a1 ®@---®ai—ar---a; (i>1),  po=idg. (2.12)

The algebra A is generated in degree 1 (over S) if every p; in s surjective.

Equivalently, S and A; generate A as an algebra.

Example 2.12. The algebra kA,, of Example is generated in degree 1 over S = @, ke;;.

Example 2.13. The polynomial algebra k[z1,...,x,], with each degx; = 1 for all i, is generated
in degree 1 over k. Indeed, every monomial of total degree d is a product of d variables, and these
monomials span the degree d component.

Example 2.14. Let

Then
Ay = kerr @ kegs, Ag = k:cdeu ) ]kl‘degg S kxdilelg (d > 1).

It is generated in degree 1 over Ag, since

zley; = (fﬁell)d, xlegy = (90622)d, z8lery = ($€11)d_1€12 (d>1).

Here Ay has two simple summands, Aq # 0 for every d > 0, and A is non-commutative:
er1e12 = ez whereas ejzer; = 0.
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2.3 Tensor algebras and the universal property

Definition 2.15. Let S be a k-algebra and consider a bimodule gVs. The tensor algebra of V over S
1s the graded k-algebra

Vst > 1,
Ts(V) = @TS(V)Z-, where Tg(V); =< S, i=0,.
e 0, i <0,
For vy, ..., vptq €V, multiplication is determined k-bilinearly by

(V1 ®g - @5 Vp)(Vp41 ®S ++* B Upq) = V1 g+ Vg Uptg  for all p,q > 1,
and by the left and right S-actions when a factor has degree 0.

The displayed decomposition is the tensor grading: S = Ts(V)o and V' = Ts(V);. Multiplication
satisfies T's(V'),Ts(V)q C Ts(V)ptq for all p,q € Z. We also call T's(V') the tensor algebra generated
by V over S. Every element has finitely many non-zero homogeneous components. The unit is 1g, and
associativity follows from Lemma (3) Write vy - - - vy for v; ®g -+ ®g vg in Ts(V). In a quotient
algebra (including Ts(V') itself) of T's(V'), the notation v - - - v4 denotes the image of v; ®g - - ®g vq.

Last lecture ends here
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