Topics in Math. Sci. VII 2026 Assignment 1

Complete at least 2 exercises.

Throughout, k is a field, and all modules are right modules unless a left action is specified.

Exercise 1.
(1) Let A = @40 Aa be a graded algebra with S = A finite-dimensional semisimple.
i. Prove that A/A; = S and rad A C Ay.
ii. Prove that if AY =0 for some N > 1 (for example if dimg A < 00), then rad A = A.
iii. Show that for A = k[z], degx =1, one has rad A =0 # A,.
iv. Suppose that dimy A < oo and that A is generated in degree 1 over S. Prove that

rad® A = @ Ag, rad® A/ rad®t1 A = A, (k> 0).
d>k

(2) Let A = kA, P; := e;A with the inherited grading, and L; := e;;A/e;j; A4 as graded module
concentrated in degree 0.
i. Prove that for k > 0, rad® P, = span{e;m | m > i+ k}.
ii. Prove that for 0 < k < n — i, rad® P;/rad®** P, = L;,1(—k) as graded right A-modules,
and deduce that

P, = Pj(d) as graded modules <= (i,d) = (4,0).

Exercise 2.

(1) Let A =kAs, M = exnA, and consider D(M )y = Homy (M_4,k) with (af)(m) = f(ma).
i. Find a homogeneous basis of D(M), its degrees, and all non-zero actions of matrix units on
it.
ii. Show that kejs C Aess is a graded left submodule and that D(M) = (Aess/keys)(1) as graded
left A-modules.
iii. Deduce that D(M) is not isomorphic to any (Ae;;)(r), j € {1,2,3}, r € Z.
(2) Let A =Kk[z,y]/(22,y) with degz = degy = 1, and let V = A;.
i. Compute the Hilbert series h4(t).
ii. Let R =ker(V ®x V — Ag) and Q = Ti(V)/(R). Show that

Q =klx,yl/(z%),  ho(t) =
iii. Prove that A is not quadratic, and find the smallest degree in which A and @ differ.

Exercise 3.
(1) Forn>3and Z C {1,...,n — 2} let
Ay = ]kAn/(ek’k_i_Q | ke Z)

with the quotient grading.
i. Show that
{em}z @] {eij]i<j, ﬂkEZ: ZSkﬁ]—2}

is a basis of Ay.
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ii. Write Az = Ts(V)/(R) with explicit S, V,and RC V ®g V.
(2) Let S =ke; @ ke and V = ka @ kb with

a € e1Ves, beeVey,

and e;Ve; = 0 otherwise.
i. Find a basis of Ts(V')q for all d > 0, and compute hyy v (1)
ii. Find a basis of A =Tg(V)/(ab) and show that dimy A < co.

(3) Let A be a locally finite-dimensional graded algebra generated in degree 1 over the finite-
dimensional semisimple algebra S = Ag.

i. Fix a bimodule §Vg and an S-bimodule isomorphism ¢ : V' =+ A;. Prove that
ha(t) = hTS(V)(t) = Ts(V) = A,

where the isomorphism of graded algebras on the right-hand side is induced by idg and ¢.
ii. Consider k[z,2]/(2?) with degz = 1 and deg z = 2. Show that

h(t) = hr(p,)(t)  but B ZTi(Bi)

as graded algebras.
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