AUTUMN 2024 ToPICS IN MATH. Sci. VII HOMEWORK ASSIGNMENT 2

Ex 1. Recall that for a G-set X, mx denotes the permutation representation associated to X with
underlying K G-module being K X.

(i) Let X,Y be two finite G-sets. Show that mx y = mx ® 7y

(ii) Suppose that X is a finite G-set with G-orbit decomposition X = O; U+ - -1 O,,. Show that
we have mx = mp, B --- B 7o,

(iii) Recall that there is a 2-dimensional irreducible representation V = K{u,v} of G = Dg =
{a,b] a® =1 = b% abab = 1) with action matrices

w 0 0 1
a (0 w_1> and b~ (1 0) :
Find z,y € KG so that the K{x,y} is the subrepresentation of K'G that is isomorphic to V.

Ex 2.
(i) For any finite-dimensional K G-modules U, V, W, show that

(a) HOIIlKg(U D V, W) = HOIIlKg(U, W) D HOIan(V, W)
(b) HOIIlKg(U, V& W) = HOIIlKg(U, V) ) HOIan<U, W)

(¢) Suppose U is a simple and K is algebraically closed. Show that there is a ring isomor-
phism Endgq(S%™)°P = Mat,,(K).

(d) Show that, if Homgg(U,V) = 0 = Homgg(V,U), then there is a (K-linear) ring iso-
morphism Endgq(U @ V) = Endgg(U) x Endga(V).

(ii) Consider G = C3 = (g | ¢> = 1) and K be a field with char K = 0. Define a matrix
G-representation R : G — GLy(K) given by

0 1
By := (—1 —1)’

(a) Show that when K =R, R is an irreducible R-linear Cj-representation.
(b) For K = C, find i, € {1,2,3} so that R = R® @ RY where R® is the representation

given by R\ := we.
Ex 3.
(i) Show that trive @V =V =V @k trivg for all KG-module V.

(ii) For finite-dimensional K G-modules U, V, W, show that (U@ V)W =2 (U W) & (Ve W)
as K G-modules.

(iii) Recall that for a cyclic group C,,, the irreducible C-linear representations of C,, = (g | g" = 1)
(up to isomorphism) are given by S; for i € {1,...,n} where g-action is given by &' for
¢ 1= exp(2mi/n) the n-root of 1. Calculate the CG-module S; ® S; for all 4,5 € {1,...,n}
and express the result in terms of direct sums of the S;’s.
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(iv) Show that for finite groups G, H, KG ® x K H has a canonical ring structure so that KG ®
KH = K(G x H) as rings.
Ex 4. Let U,V,W be KG-modules.
(i) Find a KG-module structure on the space Homg (V, W).
(ii) Show that there are the following isomorphisms of K G-modules

(b) V* @k W = Homg (V,W).

(iii) Suppose X is a finite G-set or a K G-module. Define the G-invariant subset (subspace) as
XC:={reX|gr=1VgecGl

(a) Show that (V* @ V)¢ = Endge(V).
(b) Show that Homgqo(U @k V, W) = Homgq(U, V* @k W)
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