AUTUMN 2024 ToPICS IN MATH. Sci. VII HOMEWORK ASSIGNMENT 1

Ex 1.
(i) Suppose p: G — GL(V) is a representation. Show that det p is also a representation.

(ii) Consider the additive group of integers G = (Z,+). Let V be a fixed finite-dimensional
C-vector space. Show that every linear transformation ¢ € GL(V) defines a unique (but
possibly isomorphic) C-linear G-representation.

Ex 2.

(i) For any finite gruop G. Let V be the 1-dimensional subspace spanned by > gecd € KG.
Show that V is a KG-module and that trivg &£ V.

(ii) Fix any n > 2. Find v € K &,, such that sgn = Kv. (Hint: Modify the generator deGg of
the trivial representation.)

(iii) Fix any n > 2 and G = &,,. Show that Homgq(triv,sgn) = 0 = Homgg(sgn, triv) when
char K # 2; otherwise, triv = sgn.
Ex 3.

(i) Let X,Y be two G-sets. Determine the condition(s) on a map f : X — Y so that f induces a
homomorphism of permutation representations from 7 x to my. Do the same for isomorphism
in place of homomorphism.

(i) Consider G = C3 = (g | g> = 1) action on three letters X = {x1, x5, 23} by cyclic permuta-
tion. Recall the representations R*® : G — GL;(C) given by Rék) = w”® with w := exp(2mi/3),
with k € Z/3Z. Determine (with explanation) a,b, ¢ € Z/3Z so that CX = R @ R® @ R,
Ex 4.
(i) Show that Homgq(V, W) is a K-vector space.

(ii) Show that the composition of homomorphisms between representations is also a homomor-
phism of representations.

(iii) Find an injective ring homomorphism K — Z(KG) :={z € KG | 2y = yz Vy € KG}.

(iv) Show that f:V — W is a homomorphism of K-linear G-representations if, and only if, it is
a homomorphism of left KG-modules.
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