AUTUMN 2024 ToPICS IN MATH. Sci. VII HOMEWORK ASSIGNMENT 4

Ex 1. Recall that for A-B-bimodule M and left A-module X and left B-module Y, we have a left
B-module given by Hom (M, X) and a left A-module M ®4 Y. This question is to complete the
missing pieces in Section 25 of the lecture notes; the setup remains the same throughout all parts.

(1) For a left KG-module V and a subgroup H < G, show that Res% (V) = Homgq(KG,V) as
K H-module.

(2) Show that Res% (V) = KG ®k¢ V as K H-module.
(3) Describe the G-action on Homgy (KG,V).
(4) For a K H-module U, consider the map o : KG ® U — Homgy(KG,U) given by

J® U (xH{(xg)u ifngH)

0 otherwise.

Show that this defines a K G-module homomorphism.

(5) Show that the map 5 : Homgy(KG,U) — KG kg U given by

k
fed i@ ft),

i=1
Show that this defines a K G-module homomorphism.

(6) Show that a5 and S« are both the identity map.

Ex 2. Consider two 2-part partitions A = (n — ¢,¢) and p = (n — k, k) with 0 < ¢ < k <n/2.
(1) Show that dim¢ Homeg, (M?, M*) = £+ 1.

(2) Show that M(—kk) =~ @fzo S(n=i4) for » < n/2 when n is even and for 7 < (n — 1)/2 when
n is odd.

Hint:

(a) Both (1) and (2) can be done with character theory (of course, tableaux combinatorics is also
possible).

(b) M* = KQ, where Q is the set of f-subsets of [n].

(c) For (1), see Proposition 20.3 of lecture notes.

(d) For (2), starts with k& = 1, then try k = 2, etc.

Ex 3. Let A = (3,2) - 5. Write down the standard A-polytabloids, and show that S* any other
A-polytabloids is in the span of the standard ones.



Ex 4. Let t be any A-tableau for A - n.

Let A’ be the partition obtained from reflecting A along the diagonal y = —x (with origin being
the top-left corner of Young daigram; e.g. A = (4,3) = X = (23,1)).

Let ¢’ be the X-tableau given by reflecting t along the same diagonal. Suppose that S1") = Ku.

Consider a map 6 : M — S* ® S given by
{t} = pe({t} @ u).
(1) Explain why pe({t} ® u) = (k{t}) ® u.
(2) Show that 8({ot'}) = sgn(o)ke{ot} ® u for any o € &,,.
(3) Show that 6 is a surjective K &,,-module homomorphism.
(4)

4) Show that the coefficient of {t} in piri{t} is #R;.
Hint: Coefficient of {t} in a vector v is the same as the coefficient of {o~'t} in o~ v.

(5) Deduce that S ¢ ker 6.

(6) Recall that for any simple K G-module V' and a 1-dimensional K G-module S, the tensor
product V @ S is also simple. Suppose that char K { | &, |, show that S* @ S1") = SN
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