AUTUMN 2022 ToPICS IN MATH. Sc1. IV HOMEWORK ASSIGNMENT 2

Ex 1. Let A be a K-algebra. We call a K-algebra B a direct factor of A if A~ B x B’ for some
K-algebra B’.

(1) Show that Z(A) = Endag, aor(A) as rings.

(2) Show that B is a direct factor of A if, and only if, B is a direct summand of A as A ® A°P-
module. (Hint: Idempotent e of a K-algebra A gives rise to decomposition Ae & A(1 — e) of
left A-modules.)

(3) Show that B is a direct factor of KG if, and only if, B is a direct summand of K(G x G).

Ex 2. For V,IW € KG mod, show that the following are K G-modules isomorphisms

1) (Veor W)y 2V @ W*  (2) V" ®x W = Homg(V,W).

Ex 3. Recall that Endg (V) is a ring where multiplication is composition.

(1) Find the multiplication on V* ®x V' that makes the canonical isomorphism Endg (V) =
V* @k V as an isomorphism of rings.

(2) Suppose V' € KG mod. Show that trivg is a direct summand of V* ®x V when dimg M is
invertible in K. (Hint: fix a basis of V' and consider also the dual basis.)

Ex 4. Suppose H < G is a subgroup. For any g € G, let 9H := gHg™' = {9h := ghg™' | h € H},
and define for each K H-module W a K(9H)-module YW := {9w | w € W} (Yw is just a formal
symbol) with 9h - 9w := 9(hw). Show that

(1) Ind$,(9W) = Ind% (W) as KG-module;
(2) 9V =2V as KG-module for all V € KG mod.
Ex 5. Let H <G,V € KGmod and W € KH mod. Show that
(1) V @k Ind$S (W) = Ind (Res% (V) @k W);
(2) Indf(W*) = (Indg (W))";
(3) use (2) to give an alternative proof of permutation module being self-dual.
Ex 6. Let €, be the set of r-subsets (=subsets of size r) of {1,2,...,n} for an integer n > 1.

(1) Find a subgroup H < &,, (and the reason) such that K€, 2 Ind$" trivy.
(2) Let m, be the character of KQ,. Find 7,.(1) for any r, and find m(g) for all g € &,.
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