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§ 0 Introduction

Notation K : field

Q = ( Qo .
Q >

,

t.la)→ hla) ) : finite connected quiver

Def • 0T : bouble quiver ofQ.fi
)( i- e , Io = Qo

QT = Q ,
W { a* : hla) → t.la/ac-Q , }

• I = ( di )ieao C- KQO weigh
•

THIA ) := Koi/( E. Ela)aa* - Edie:)AEQT IEQO
{ deformed preprojective algebra

where Ela) = { Ifac-Q.cat/*:--aac-Qnac-QFRm-kR--o--lT0lQ) : ( classical ) pre projective algebra

by Gelfand - Ponomarev

Properties of IT "( Q)

• Q : Dynkin quiver 1=7 dimk IT'YQ) < is

In this case
,

7- Q' CQ : full subquiver
s.e.IT 'YQ) ¥+aT1°(Q

' )

• Q : ext Dynkin → Mc Shack) : finite subgp
eh 1<=0

,
K = IT

deformation of KEN
.
Y]
"

e := ⇒ gait c- KM a Kocis> * 17



he 2. ( KP )

sm=K¥;?¥
0 " := e She

ZCKP ) = K
° by [ Marschke + McKay ]

¥ → ¥
excep vertex

-1hm [ Crawley - Boevey - Holland ] eoe -11407

0 " = eo -11
"

(a) eo
,
S
"
~ -11^104
Morita ✗

11=0 ⇒ So = Kbc
,
21*17 ~ T1°( Q )

n
4

§ 2 Reflection functors

f-
,
-7 : 2010×740→ 7- Ringel form

( d. P > = €a .de Pi - E ✗tla) Bhla)
AEQ ,

C-
,

- ) : I Qo ✗
2Q° → 2

( d. B) := (d. B) + ( B. d) to -
-
I!

-

oyez o

Si : zQ° - 2Q° si (d) = d- (d. Ei ) EI
r
, : K Qu
- K Qo Cried ) -2 = R2 - IE-i.kz ) di

• d. kid) = Kid ) . ✗ de Kao ✗ c- 2010

d. ✗ : = Eye Qo didi



☒
Def i c- Qo : loop - free ,

define a functor

CY : Mod -11" (a) → Mod -11
"" (A)

M = (Mi
.
Ma ) ieoo

,
aeoi

,

•

. quiver rep .

of -11^10-1 -mod

Mi Is ⑦ Mela, c- Cilmi
¥

ac-oihiaki.la !Mt - Ai Id
,

-

'

r

⑦ Mica,
a c- Oi ,
hla ) -- I

c-i' In)j={ M2 2-+1

Cokfu) 2=2

cilnla are defined by ning r and c µ

Def i c- Qo
.

Iz = -11^11 - e :) IT "

two - sided ideal of ☒ ( Q)

-1hm I
- I c- Qo : loop - free

(7) [ CB - H ] it -1-0 then Ci is an equiv .

Mod " (Q) → Mod tri" (a)

s.e.ME-f-d.IT/YQ),dim-Ci(m)--sildim- M)



(2) di=o ⇒ CF = Ii f)

137 c.in CJ = C
" CE i¥2inQ

Ei
"

"cjiic? = cj-r-oicimcji-j.in Q

§ 2 2-CY property

A-. K - alg Ae= A KAOP

Def A :( bimodule ) d- CY

:<⇒ A c- per Ae c Dlmod Ae )

RHomaeCA.AE) = Afd ] in Dlmod -19

[ Keller] A : 2- CY
,
then

DHom£X -Y ) = Homie (Y .
✗ [d ] )

for ✗ if c-D= Dlmod A) €zdimk H' ✗ < A

• IT = IT 'YQ )

Po = ¥
.

Feige : -11 Pn = ¥-1T ehlasqet.ve,-11



(2) di = o ⇒ CF = Ii f)

137 c.in CJ = CE " CE i ¥2 in Q

Ei
"

"cjiic? = cj-%cE.CI I -12 in Q

prop → IT → o ex

-5 ( erose:)
= Sae g- Ela) ( ehca, era, at -1 aehca, ☒ etxx )
hla)=i

of ( ehca, ④ eeia, ) = Aeeca , ☒ e tea,
- ehcu) ④ Chia, a

Prop G) Homie ( P.
,

Tle) = P . [-2]
(2) Q '

is non - Dynkin ⇒ f is injective

-1hm [ CB - K
. Kaplan - Schedler ]

TIX ( Q ) is 2- CY if Q is non - Dynkin

§ 3 Tilting ideals of 2- CY algebras
- :( bimodule ) 2- CY

Def T c- Mud A is tilting if
•
7-
o → Pr → Po → T → o ex

,

P : c- pry A

• Extinct
.
-1 ) = 0

• € → A → To → Tn → 0 ex
,

Ti c- add -1

Prop S c- f. d. A simple , rigid?Extñ (5.57--0)
Is := Annals ) = { a c-A / a 5--0 }

← titling ideal

⇒ •
A (Is )

,

(Isla are tilting module

• End Ala Is ) = A°P ( • a) as a



S crsim#:={ f. d. rigid simple A-mod } /=

For Si
,

- -

; Sr C- S

Is
,
- - - Sr

'
- = Is

,
- - - Is

,

r=o

I (8) = { Is , . . .sn/rZo.Sic-S).Io-- A

EIS ) : Serie sub.cat of f. d. A generated by S

-1hm [ CB - K ]
(1) it I c- I (5) is a tilting ideal . At c- ECS )

and Enda (1) = Aop

(2)
a ICA : par tilting left ideal ,

A)I c- ELS )
then I c- I (5)

Rmk [ Buran - Iyama - Rei + en - Scott ]
A = TTO

,
S = t.si/ieQo }

Is , = Anna ( Si ) = AH - e.) A

Prop S
.

T c- §

G) Is Is = Is

(2) Is IT = IT Is if Extn (SI ) = o
(3) Is It Is = It Is It if dim

End (g) F-xtals.lt#-- 1
dim

End It)→E×tÑ (S -T) = 7



Proof Ind E( {ST } ) = { S.T. §
,

I } by assumption

⇒ adds * add-1 * adds = add-1 * adds * add -1

For Met- d. A
,
Is -1s M =o←→ M c- adds * add-1 # adds

So M=A/IsTs
.

A/ Its -1 .

☐

Def Assume that Ses
.

Enda IS) = K

A Coxeter group
W (S)

generator Its 1 Ses }
relations Js

2
= 7

Ts TT = 9- Ts if Extn (SI ) = o

Ts TT Ts = First, if dimk Extra (5--1)=7

Thin [CB - K] Assume SES
.

Endals)=K
then WLS ) → Its ) w= Ts

,
- - -Tsn → Is

,
- - - Sr

is bijection
E reduced exp .

§ 4 Rigid simples of IT
" IQ)

(d. B) =L d. P > + < B. 2 > sym -

bilinear form of Q

⇒ { real root }U { iwag - root } c 2%

Lem M C- f. d. TIXCQ) ⇒ A. dim_ M = 0

•

✗ is a positive real root , d. 2--0

Erie == { ✗ | one .
I PK) : positive roots ,

1=1 . - -

. r ( rza) }
✗=P"'t . - + Mr>

,
t.PH = 0

Prop [ CB ]
a) rs.im/T'YQ7 ) - Sri is bijective

"

s- dim's



(2) its c- rsim (-11^10-7)
,

End _aa( 8) = K
(3) Q : ext Dynkin =) # Erie < A

proof (2) Mr N c- f.d. IT'YQ)

dim Ext' CMN) = dim Hom (M .

N ) + dim Hom (Nem )

- ( DIM
,

dim N )
so M=N=S

,
0=2 dim End IS ) - (dS,d÷s#

z ☐

-1hm [ CB - K ] Q : ext - Dynkin
R := { f.d- rigid simple TI

" } /=
Then

IIR) = { ICITYQ) / I is a tilting ideal
dink FYI < to }

q
Q : exe Dynkin

FYI C- ECR)
Def The Ext - quiver QCR)
QCR) . = R

dhow dink F-xtals.tl - arrows from S to T

•
7- P : quiver sx . Ñ = QCR) by 2- CY duality

prop P is a disjoint Union of ext Dynkin quivers

Thm [CB - K ] Q : exe Dynkin 8 : min imagine of Q

assume d. 8=0
, 1<=15

,
chK=O

Then 7- bijection between

G) the connected component of QCR)

(2) the singular points of Rep (-11^10.8) NGL (8)



Rep (-11×104,8)/1648 ) th { Sefd . -11 'YQ) / Sis semisimple }dim 5=8

U U

{ non - singular point} { simple module }
[ Le Bruyn ]

P
'

CR connected component
,

8
'
: minimal image root of P

'

P'o={ Si , . - ; Sr } CR

⇒ di-mf.is?s-i)=s

We have a map (7) → (2) by
tins ⑦ E , Sisi 11


