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Introduction

次の よう な 良い 性質 を 持っ
、

Def

A is a Greendied category Papers
:⇐) ( i ) A : CoComplete For a Greendied Cat

.

A
. the

abe.lian Cat
. following Was :

(i) filtered Columns are eat (1) A : Complete

(i) A has a Generator G 12) A has an injeaie.coGenerator

(3) A has though Injection
Example

(4) factor arePresentability theorem(り Hb : Cat . of aDebian groups
(5) agom factor Theorem 口(2) Mod (R) ・

.cat
.
of right R-Modules

( R : non - CommuterTermg)

B) Qaha) ・.cat. of quasi- Cohent

Shores on a Scheme X

(4) Ch(As ) : a
.

of Complexes

of abelow groups



Introduction 2な

址 (Gabriel- Popescu ) t Di HI SubcategoryA : GiroThendieckcat.vnha Generator G

R - A (G
,
G) : ringofendomorphis.ms is lex-refk.cive

Then :⇔ ind.esDadmas

(1) た= A (G
,一) : Ans Mod(R) a left exaa left agoint

adm its a left adjoMTS

灬圳 an f.ae毗(3) S : ( left ) exaa HI SubCUT
.
Of Mod (R)

s
: lex

Mod (R) <icっ一っ t ☐

The Gabriel - Popescu Theorem assets :

Greendied category = KX- reffective Subcategory

f of some Module category .

inTrinsic Properties と

extrinsic CharacterRation
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similar result for Girothendied topoi 坦(Grand thm )

imrinsic
For a Cat、 E , TFAE : _

II ( 1) E said the Grand condition

A Cat
.

E satisfes The Grand condition に) E is equivalent to a texteffective
:⇔ ( 1 ) E : finite.ly Complete MI SubCat

.

Of the preSheof Cat .

(2) E has COProducts , which [と
,
Set] of some Small Cat と 、

are disjoin and Universal ↑) E is a Gardendied TOS .

(3) Every epi.is a Coequalizer (i.ee ≈ 狐と
,J) for some site )

(4) everyequir.rel.is effective 口

extrinsic
(5) everyequiv.rel.is Universal

(6) E has a Generationg set
{

The GD than Can be seen as

an fddtie Version of his than
.

As - enriched
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坦
11th - erriched Cat

.

For an Alb -enrichedat.A.TFAE.E.cat
.
whose Hours are

(I) A is a Greendied Cat
.

abe.lian groups (Objects of As)
(2) A is equivalent To akx-refleaiveleieveryabe.lian Cat

.

has Full SubCat. of Mod(R) = [1珍和]
the Canon ich As -en riched an of some mg R .

(B) A is an
"

addFive
"

+0ps ) ☐・ R : (non- Commutertive) ring
= As- enriche.cl Cat.

with a Single Object
1巡

の right R-Module
Set As

= As - factor ピーっ As
: Girothendied Gabriel toNogy

• Mod (R) topdogy
= As - enrichedpresheaf.cat ・ sheaf closed Module

[R卬
、
和] (additione sheaf )
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と「

Grand GabrielS N

Grand condition
邶と"

Cohendied a
.

Q Ch := Ch (知) - enriched に する と どう なる ?

Ans
.

で
"

がど Gmhendieckmonoiddcat.CCh含む )
上の enrthed Cat に 77 し 、 美真似 が 成り立つ

。
[ Imamoura 20223
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Fix a Complete and Complete symmetric ・ び $et → (Willy Small ) categoryTennesseeVentureElectric

.net/nntVhEhVhhhretheueermonoida1closed Cat
.

U = (V
,
☒
,
I
,
Ei])

.

. で一 船 → preaddFive categorySTEVENThroneThrone_VereinTerrier

( = : COSMOS ) ・ た Ch → dg category
・ た Eat → (stict) 2- categoryDef

A Henridied category (or V
-

category ) と 、丞
ConstSTS of The following date A COSMOS U Felt becomes
• obj (と) : Collection of Objects

a Henrided category
• と(XX) E ひ for X 、YE と

Wish で(XX) := [X ,Y] EU
・ m : と(YZ) としかく) → と(XM in U

for X ,Y, Z E と 1世

・ 成 : I→ と (XX) in U for XEと A Unit で- Cat I is the で-Cat
、

Sailing the Associationy and Unit
with a Single 0分 * and I4.*) = I 。

axioms
。
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As in the usual category Theory, II
We have : For a で-a と

,
the Underlymg category

・ ひ- factor Fi と→D is the Ordinary category と。

。 ひ- not. trans .
x : F ⇒ G 0なしと。 )= 0なしと )

・

Opposite で 。
と

代

{ Home。(Xx) := Hour。は、
と(xx))

・ factor U- Cat [と 、20]
mi じ= (一)。 : でGT-3 GT

・ yonedaembeddugya.es [ピ? ン]
Ext

・ enrichedyonedak.mua
A : dg Cat → A。 = Z

'(A)
• で adJunction 、

( Hanako) = プ(ー) )
etc 、

(一)。 has a left adjoin

(一)v : Eat -3 でEat

L 1-) N : feltcategory
.
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Cc。)/inits in en ridied category As a Special case,
1# 1# 1 丁 = I)

い) For F: J→ と and IN : J→ U
,

(1) For X EV and DE と
、
The COTensor

the linit of F weighted by IN is Product is an Object XNDE と st
、

an Object 3V
、
F} E と st

、

と(C
,×加) き で(X

,
EK

, DD .

と(C
, tar, F 1 ) ÷ [IV]心 としく に)) (2) For X EV and DEと

,
the TenSon

: Natural T.ir C
. Product is an Object X DE と

、

(2) For F : T→ と and IN: T一つで
、

と し✗☒D
,
C) t で(X , と(DC )) 。

the ColinFI of F weighted by IN is II ( I : felta, TN = △エ)
an Object IN☆ FE と si

、

と ン で-Cat.

F : J→ と。 : Ordinary factorと(WarF
,
C ) t ば? で] (W、

としに 、CD Ellis に なー」 と こびfactor
: Natural iso.in C

.

(1) the conicall.mn of F is hmFE と

st 、

と(C.hnF) = hnで(C, F- ) .

(2) the Conrad Colin of F is ColinFE と

st 、
と(ColinF

,
C) E Gm ひ( F-

,
C)

.
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Ext 1週
- 1次 0次

S (Z) : -.- → 0 → 0 → Z → 0→ . .
. E Ch と is Co) Complete

D 12) : . . . → o → Z や Z → o→ - ECh :⇔ と has all weighted (Co)1inits
on Small Categories 。A : dg Cat .

(i) AEA の Shift A[1] と は 、 Tensor Product II
A [ 1] = SME 7 ☒ A と is (Co) Complete

の こと
。 ⇔ と has cell Conial Cc。) 1 imits

(ii) f e MA) (A 、 B) の Cone と は 、 and all CoTensor Hear ) Products .
0 DH)

V : [1] 一つ Ch ; ! ↳
口

による
) 1強

0 A
F : [ 1] -> EA ; f y The V- Cat. U is Complete and CoComplete

の weighted Colin IT and SO is [ピル] . 囗

Cone (f) = TN ☆ F

の こと
。
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II IT
For F : E→D and K と→M

,
the しり Any Pointwie left Kan Extension

left Kan Extension of F along K is is a left Kenn Extension
。

Lankに MrsNS.t 、 (2) If と : Small and D : COComplete ,

HoldanKF, S) = HO知dF, 50 1 。

then pw 、
left Kane、け、 Always exist .

囗

M s M Pre
仙 前爾 = k ↑ F. と → 0 ,

C : Small
。

e-r.rs と
、=
一っD

☐ Then LanFY : 20→ [ピ呵 exi and

II LanFY (d ) E 0 (F ,d ) 。

For F こと → 0 and K : E→ M
,
the が進

Pointwise left Kaneeven of F along K [ど?で] ( Lan叫 (d) 、 P)

is T : M → NS.t 、
E [ピル] ( 20(F-d) 、

[ピ𢪸災骨
20 (TM

,
d ) E [ピ

、
v1 (M(Km ) 、 201に、

d))
. P

き どりひ] し20(F
,
d) 、 P ) .

i. Lay (d ) も 20(F , d ) 豳
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亞 (nerve- and- relation adj 、 ) II
F. と→

、
と : Small

、

D : COComplete LaneF : Pointwie Kane
M

Then
,
LanyF thanFY .

K : fallyfo.ithful k ↑\
姒F

11S 」

[ピル] ⇒ LaneFok = F と
、槖N

☐

✗↑ ×※いげ 亞
と FATE と : Small

,

D : CoComplete
proofen

Then
( Lany F ( P)、 d )

で factors } 曲 { additionきど?"與}出会え留 、
01に州) { に と→ o s :倒咺で「}

F 1-> LanyF thanFY

E [とりで] ( P
,
D 1に、d)) SY 〈-1 St T

☐

き どり で] ( P , Larry (d)) 。

Ext ( Ei lenbeing - Watts )
i. Lany F thanFY .

圏
Mod (S )

↑鉛がPS
-

阝
) Mod ( R)
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通 (GP than ) II

A : Girothendied Cat . と ≤ A : Small Full SubCat .

と : Generationg set , F :とい A ・ と is a Generation set

vs Mod (と ) :⇔ LanFY :

faihfd.ir鋏𤇾 • と is a Strong ly Generalkg set
と Fltit :⇔ Larry : faiihful and Conservation .

Then
、

しり LanFY : thy Faith ful

(2) LarryF : left exact 口
1組
A : COCompleteabdiancat.EEA i Small fill Suba 、

Then TFAE :

(i) C : a Generationg set

(ii) と : a Strongly Generalkg set

(i) LanFY : Conservatoire

(iv) 「
AEA

,

ヨ
si.SE と

、

④.fi 一つ S -3 A→ O : exaa

口
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II Let U be a l.f.p.ba .

In と : CoComplete Ordinary Cat , (i) 8 : ひCat is finit

C E と isfmio.ly Presentable :⇔ 0なほ) : tune set
:⇔ Home (C,一) preserve Hered dimits . and な、 k EJ, TG, k) EU : fp 、

民選 (i) TN : T → v is fme

と = Set → tune sets :⇔ J : fine

と = Mod (R) → findy presented Module and T ET
,
W(j ) eV : f p

と = Ch → Downded Complexes
(iii) Fine himITof Guildy presented Modules
= linit Weighted by the factors .

II
(iv) と is findy Complete

A COSMOS で is a 1.f.p.base
:⇔ と admin alt the Limits

.

:⇔ (i) V : Holly Holy Presentable
(v) F is left Eat

Lie
.
has a Strongly Generalkg set

.

.⇔ F preserve Finelive.offinit.lyPresentable Objects )

(ii) IE で is Andy Presentable

(iii) X
,YEV : f. p .

⇒ X Y : f .p .
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1組 吐

で 1.f.p.ba .

In ひ : COSMOS
,

e :ひa admits Anne l imits X EV is dualiable

⇔ と has fNice Canal Limits :⇔ [X
、
I] - ≈ [Xi]

and CoTensor with X : f
.p . Ext

☐

た Mod (k) → findy genesaTed
1迆 and ProjectEve Modules
で 1.f.p.base .

V = Ch → bownded Complexes of
f.g 、 and proj 、 ModulesF : と→ N is left exact

1迎
⇔ F preservesfinieconidl.ints U : cosmos, X EU

and areasor unh X :f.p .
☐

TFAE :

(i) X : dualiable

(ii) Ve : ひcat.EC e e
,

Carson XN C is Absolute

Lie
、 preserved by any factor )

(ii) を : ひ-Cat
,
Vee

,

Tensor X C is Absolute ☐
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、

Main Results
EXP
で= Ch (H : = Ch (Mod(k)) (k: comm.mg)

A GOthendied cosmas is a COSMOS
is a Girothendied COSMOS in which

which is also a Girothendied Cat
.

. S(k) E Ch (k) is the findy PresentableFor a Greendied cosmosv.weconside.ir
Unit Object and

the following findSS conditions :
• { D (k) [n] 1 neを} is a Generalkg set(CD Unit obj . I is findy Presentable ,

of dua liable Objects ,M¢2) で has a Generationg set う お と打
Where S (k ) : .. . → o → o → k → 0→ . .

.

of dueliable Objects .
D ( k ) : . . . → o → k や k → 0→ ー

.( from [How Odabashi ] ) で次 。淀

区𦥯 RI

た Mod (k) ( k : commutative.mg ) More General ly ,

is a Girothendied COSMOS in which U : Goin
、
Cosmas ⇒ Ch1で) : so

・ k E Mod (k) で satisf.es (C) ⇒ Ch(で) = SO
.

is the findy Presentable Unit Object

and a da liable Generator .
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Pre ( [How Odabashi ] ) 亞 (I)

で GiroThendied COSMOS + (c) ひこ Girothendied cosMost (C)

⇒ で 1.f.p.bo.se ☐ Then A is a Goldendied で- category

⇔ ( 1 ) A : Complete

II (2) A : findy Complete

で ftp.base (3 )homomorphismthmholdsinAAV.catA is a Groundieck たcategory (4) Conical filtered Colinits are left exaa

⇔ ヨと : Small ひ- category , (5) A has a でGeneration set 。

☐
ヨ S : [ピル] 、 A : T :adf.IE
s.t.li?T:fu1lyfaithfu1V=COsm0S,A:VtaT.

(ii) S : left exact 。 口
と ≤ A : Small Full Sub

,
F : と↳ A

This is called a で topos in [Gamer- Lack] 。 Then と is a で-generatirg set

:⇔ ( IanFY) 。 : faihful
。
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II 1祖
と EA : Small Full V- SubEl . で Greendied COSMOS t (C)

Then と。 ≤ Ao : Generalng set S : E → D
、

と
、
20 : Ariely Complete .

⇒ と ≤A : ひ-Generationg set Then S : left exaa ⇔ So : left exaa 。

pre pre

(Larry) 。 : A 。 一つ Fun (どり し) - [で、 v1 。 ⇐) : ItsHias to Snow S preserve
A AGA)と

COTensor X や C ( XEでfp 、
CEと)

.f し ↓ fo-
B 1→ AL

,
B)と For X EV : f

.p . , There is

For each Ce と 、 R → P。 → ×→ 0 : exaa

A。 (C,f) = Home (I,AK,f)) = Howは、
(fork)

.

with R
,
Do : dudizable

、

Here
,
if CanFY )。 (f ) = (Larry )。 (g) , ÷ O→ XN→ PoloC→ RN : exaa

then VCe と
、
A。 (C,f) = A。 (C,g) , Since SO : left Eat

,

which shours f = 8 0 → S (XN)→ S(P。 やC)→ S(RN) : ex .

11 S IIS

since と。 ≤to is a Generalkg set .豳P。 や SK) R SK)

Thus We have S (XN) EX や S(c).
囮



Main Results 4は

II ( [Al HWater - Garksha] ) [ピ?0]

y ↑
「

で\78 S- Larry F
で Grah

、
Cosmas mih {おなば Generationg set

T : = LaFY.
と : Small Meat

.

と 一つ
に
A

Fun (ど? V) := [ピ阿。
We Want to Slow

Then Fun (ピル ) is a Groundieck.cat . S : left

exaa.T-.fal1yfaiThful.mih3gj@eLisljeJ.CEと } : Generationg set. IT Suffices to Shout
☐

S。 : left exaa
,
To :fullyfaihful.Proofofmamhm.com

NOW Fun 1で
、
v7 is a Groth.cat

.
with

Support
な。

: = { gj と しー
,
c) | jEJ

,
C Eと }

( 1 ) A : Complete
a Generalkg set, SO by GP than We have

(2) A : findy Complete
Modな。

(3) homomorphism Thin had in A
y ↑

「

\メ\※ S
'
: left exaa

S
、七 、

(4) conical filtered Himits are left exaa な。→

で
。

Fun (ピル) T
'
: Fullyfaithful

.

(5) A has a で-Generation set C .

Note
Then Ao : (AB5) -abe Ian category .

S。 ( gj としー
、c)) き gj S。(といく)) ≠ g C

,

Let F : と A be the indusion
.

and H := GoGo Can be seen as inch
Since A : CoComplete , We have

3gj@C1jEJ.Ceと} does Ao .
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Therefore We have 1祖は)

Modな。 s
' で

、
W : Groundieckl.f.p.base

n や
|
で F : ひ く

ーっ
ーー W : G

、
F : monadd

y Funと知) Assame ひ satisfies (C). Then

※ B : Gardendied mm

な。 くけてったい Ao
⇒ G (B) : Greendied that

、

口

and

S。 0 S
'
= LarryH ,

T
'
oTo thanHY . 艮樂

Here since To : faiihful
、

Xや Spec(k) : qc.gs Scheme (k : comm.rug)
LanHY E T

'

0 To is The l で : Mod (k) <
ーさっ
ーー

Qcoh(D : t

and so な。 ≤ to is a Generationg set. n T : Ch (k) < Ch(QC。ん(か) : H

芸 品Hare by G・ P than
,
We have

Sol : left exaa.TT : My 如4た! Since N itself is a Goin 、
moi

,

i
. S。 : left exaa , To : Fully FaithH .

f*( Ch (Qcohしか》 : GMh
.
で- Cat

.

When him咋 : Anne linit M Fun (どりひ) 、
This is the dg Cat . A Over k

Mm・ 1なき S
'げ(binDr) = S

'

( limnで作》 st
、 {

0な : cpxes of quasi-coherentsheavesfsdl.mnれた SiS
'しなで妬)) - Anne s

'で作)
mor : Aぼなが 二 店 Homeぼばり

三 hnn S。妬)
豳
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