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20 Trrroductoon

Def
/4 T G)mﬁeudiadi CoegOry

& (1) A Cocomplete
obelroun  co.

&) Fleered codwris ore exse

&) A hos a gevernror G
Exomple
() Ab- co. of obelian groups
(® Mod(R): cox. of riyht R-mmodiles

(R: gon- tommumrive ring)

(3) Qawhix)- . of quasi- coherant

shesves on & Stheme X
(%) CAp) = cx. of complexes

of abedoun guovps

Troducaen /5

Ros>5Thu%E 2 A7,

Brsp

For o Grihendieck car. A, -the
'pouoch% holds -

() A : complete

() A has ou [ngective Cogenernawr

(3) 4 hs  enough thgertives

@) fomcwor reprecenmdiliny Theorem
(5)  adjomt fmctor  heorem a



Thin CGobriel- Popescn)
A : Grothendieck ost. Uizh a generoor (3
R:=A(6,6) - ring of endomorphisms
Thew

(D T:=A4069: A — Med(R)
awdmre o ldr pdjomt S \L
@ T =Ry Qirhul
3 £: (let) epacr f
S:le_)i
Mool(R) = A
T =

Trvoduewon 275

Def

TeO: Rl subosregory
e [ex—vreflective
& Mel. T adurrs
a lefh exoer [efr odjornt

-~ A Ts A lex—reflective

full subcst. of Moo (R)

The  Gobrre(- Popescu theorem asserts

Grothendeck cstegories =

£

mTringle propertres

lex—reflective suboszesortes
of svme module Qresories .
£

extrinSte characterizotion



@ similov resutt for Grothendieck topot

Deft
A cot. € sarisfies rhe Ginaud condrton

&> (1) 2: fwyrely complete
(2) € has coproducts, which
are disipint and universad
(3) every epi. is a coequalizer
) every equv. rel. ts effective
(S) every egquiv. rel. i universal
(6) € hos a generktng ser

Trvodueren > 7%

Thn (Givoud +hm)

For o co7. € , TEAE: /ierV\S‘tc

() 2 sotisfiee 7he Giroud amditton

() € & equivalext To a lex-reftexive
fll ubo. of 7he presheaf coT.
[Z27%, Sex) of some small or & |

(3 2 15 a Grothendleck Topos,

(ie. & = Sh(T,T7) for some Stce)
W

extrnsi e

3

The G-P thm com be Seew as
on  odditive verston of iy Thw .
Mo - envrehedl



Ab-ervtched. cet.

.
e—

= coT. whose Howms are

obetion groups (obgects of Ab)

Note : every abelam cox. has

the. Comonical Mo-enviched st

- R: (7on- commurative) ving

= Mo-eniched 0.

with a single olgect

- right  R-module

= Pb- funcor RP— A

Mod (R)

= Ay-enriched “Presheme " o

A

Tovodueaon T4

Thm_
For am Ab-ennched ax. 4, TEAE-
() A s o Crothenolieck co.
@) A s equivalert T a lex-refiective
full ghoot. 6f ModR)=[RY Av)
of Some n\«\g R .
(@ A 15 an  oddrdve T0(709> =

Rl
Ber Mo
- Grothendiede. > Gobrie( topolegy
Topology
- shesf &  cloged module

(adderive dhad )




Trooducron ° /5

extrmele
charocterizsaton

Fer —
4 Givaugd G‘;W ?6\% &
Givowdl condrrrn = Grothendieck oz

@. Ch:= Ch(po)-enriched =93z 5753 ?

Ars.
V- mice Grohendteck monotds! o, ( Cha )

Eo enviched cot. FALU. ZB 4L AN XY Lo [ Imamwm 20227]



AR Pre iminoute s

Rx oo complete and cocompleze SymmeTre

monotolel closed cxr. U- ('V, ®, I, E-,-]>.
(=: cosmos)

Def

A V-enriched cotegory (or v'caregory) C
consiste  of rhe followmg olura
o (2) = collection of ohgects

CXX)e 0 Ff+r X.XYel
m: LY,2)e LX) — CX2) in U
%V XIY, z € t

ixt T LBIXX) » TV  fr Xek

sxisfyimg  7he  assoctaTivTty awdl ot -

Preliminaries ) 4

Braugle.

¢ UV=Ser & (/0&“7 .QMAH) QAT LYy

- V=pb > Preo.o(d?ﬁue QoTegory

- V= Ch ~ o@ CATesOYY
- V2 G~ (stiet) 2-cesTegory
Rim &

A cosmos UV Tselt decomes
o. V- enviched Q@Eegory
wigh VX)) == [x X1 e U

Def-

A unit V-axt I is the D-cot.
wizh o S‘Mgle ohi A awd THA)=T.




Preliminaries 2/

As T the usual caregory heory, Def

we.  have : For o0 U-cor. &, the uno(er[y;kg category
V-fccor F-:2—2D s 7he ordinary Coxegory Co
V-qor. ang. X: F=26& ST. obj (Lo):= ohi(2)
© OpposTTe V-or. CF { Home (% ) == Howy, (T, £0x X0

’_FlLV\CTOY' (U'CDC\“. Et/@j
yonedo  ewbeddug  : B [ET ]
enriched  Yoneda lemwa

o~ U= (-)o: V-Coar — Qo
Bangle
A dy cor. > L= Z'(H)

V- adgunction ( Homglk, =) = 2963 )

€TC.

(o hos a lefr pdjomt
("‘)v= C[:L\T — DV-Cor
L +— Ly = free U—m-Tegor-‘y




@ (co)lwits in enriched coTegories
Def
M br F: T—C ad W: T — vV,
the limt of F weidked by W s
om objecr 3W,F§ el st
cle, fwey) = CTUlw, el ro)

. metural RO. w C.

@D For F:T— & opd W:J¥—7,
the colinft of F werghced by W ts
on Obgect WHF el st

elwsF, c) = [TRu)(w, elF-,0)
ol 1se. m G

Pre k minaies 2 %

bs o spected ose,
Peft (T=I)
() For XeV andl D&, 7he cotensor
product Ts on obfect XhD el sz
cle,xod) & VX, ele,h) .
() For Xev and Del, the zersor
proguct s an obfect X@D el sx
ClxaD, ¢) = V(x,Td.e)) .

Pef ( T free o, W=AT_>
C: V-ax,
F: J-_5 EO'-thMQV?' 'A‘-KC'CUV‘
62% F: Jv» — C : V~funcror
(D) the comeal dwm of F s AwF e &
sx. cle, bp) = Ve, F-) .
() e conterd codmwmt of F 15 olnF el

1.  CleodmF,C) & Am V(F-,c) .




Exow.dg
g s
S(z): ~-—0—0— 2—0—5... ECh
P(2): "'—>O—>Zi—92——90—;--- e Ch
A oy cot.

() Aedon shitt A0T v&. tensor Pr‘odwﬂ‘
Alil = SO ®A

Nt.

(i) + e ZU)(AB) n Cone e,

0 p@)
W: [0 —Ch ;3 I — 7T
=53 1 S@
0 A
Feld—2Z4 5 | & 14

0 weighted colwm

Conelt) =

N=t

WaF

/4

Preliminaries

Deft

E s (co) complete

& € has all werghted (co)limFrs

on small caTegories .

Bop

C s (co) complete
© T hs oll contcal (co)limers
and oll cotensor (tensor) products,
B:u‘z. Q
The V-ost. UV i Cowp(e'ce aM( aviav’ plere
ok 0 T [T 0



Prek minaties S /4

et Brop
For F:CT—0 ond K=Z—oM , the () Awy pointwise lefr Kan extenston
lefr Ko extewsion of F along K s s o left Koun extension.
LomgF: M— 2D sz, @ T T:smll and D: cocomplece,
Howﬁ“w IS)LN\KF, S) = Hw?i«(t )g) F, SK) Then pw. lefr Kom ext. always extST.n
M s M
Krwh = KTV’\P < Emz‘[_%;t_»z‘j, C.: small
E——>32 c——2D
E i a Then Langy: D — [£FV] exers and
Def Langy (d) = D(F-,d) .
For F:2—5 oad K:C— M, 7he proof*
peictwise left Kan excenston of F alows K Ce%v] ( Lowgy (), P)
s T:M—D st = (e ole-,d), ETU(y ), P))
DCTm,d) = [TV (Mk-m), DIF-,d). S[;f o=

e

L% v] (D(E-, b, P) .
Lomgy (1) = D(F-,d) Vi




Z.6 PRx
lhm (‘rlcr(re—ou/\o(~ realrzoTion Mg.)

F:T—0, C:amll, D:cocomplere
T'he,m/ LAan ~ LDMFV-
(e V] Loy E
[N
4 Longy
o 2

proof
O( LonyF(P), ol )
[t ( e (yor,P), B(F-d)

15 £m
p

22 v1(P, DIF-,4)
[P 1] (P, Laney(d)) .
L.D\-V\yF = LN\F)’ . 7\

IR

1€

I

Preliminaries 6 /4

Erop
LongF = polictulse. Kom exc.
_ _ A Lo P
K: fully foTthfu kT "5\
=>LQV\KFOK‘EF &TQB
Thn
C:small, D- cocomplece
Then
U- funcrors } [:] { 04g wncTton
{ F:e— 2D N N [z:"iv];_’ﬁ-‘(‘}
= > LanyF A LangY
Y T SA4T
O
M (Eﬂcmbexg- Watts )
Mod (S)

5%
[N

AY "‘?%MIFAUZ)



Thm (G-P th )
A: Grothendreck oot
C: generatng Set, F:T > A

> ModlZ) Lo, E
QDY

SN

£ —— A
Then, (D) Lonpy - fuly Furrhful

@) LonyF: left exact

|

Preliminaries 7.9

Def

C <2 A :small full subosr.
C s a gemeyativg Set

S L”‘-"F?’ > ‘POT'IhM.
C is o Strongly generating Set
& Longy : Tathful andl consenvative .

rop-
A - cocomplete  abelton cor.
e A4 : sml Al suboar.
Then TFAE:

(O C : o generating set
@) C: a strongly generstivg Set
&) LongY : concervtive
Gv) YAeA, Fsi,85 ek,
@S — @;s5 — A

> O :exocr



@ Ffintteness of ebjests

Ded

Tn C: cocomplere ordiuary cxt.,
Cel s Fmirely presevable

254 Homg_[C,—) preservee Dheved  cslintes,

@w.plt

C=%er ~ TURe sers
C= Mod(Rp) ~ 'Pr’nTTely Pr&aweo( modules

€= Ch ~  boundeod cUmplech‘
of fwrtely precented modeules

Def

A Cosmos U 1 @
42 () U= loeally fivrrely presentoble

(ic. has a strongly generong ser

[£.p. base

of 'anTTely precevrable oeets )
G) TeV s Ruirely precenmable
G X, Yev: fp. = XX : {y.

8 /4

Prek minaries

LDef
let U be a [4p. bose.
(i) T: Ues s fintre
& i (1) faire et
and  5,keT, TG, <V - fp.
() W:T >V 1« fowe
&> J - fwrre
and. V5T, W) eU - £y,
(&) furre A
= Limer weighted by fime funeors .
W) € is
& € odwrs  all Pvire [ mFts
) F js lefr exocr

& F preserves Lorre liwrree

fwrrely cowplere




MW= l.-F.P. base..
C:Vresr. adwits  Tiarre liwits
& T hos {ivrre comvesd ALimtrs
anl  CoTeldor with X: £p. o

Prop_

V- .P.p. bose .
F:t— 98 1w left exact
< F preserves 'Pr‘«AT—(e conrenl ,[MT—rg

omd  corensor wizh X=4p. -

14

Preliminaries

Def
In V: cosmes
Xe? is duslrzoble
& XIle- « [x-]
Euauple

V= Mod(k) ~ el generared
owd progective Modules

V=Ch  ~ bounded cowmplexes of
$.9. ond proj. modules
Frop
V: Cosmos, Xel
TFAE -

() X : dualizable
(i) Ye.v-cr, Ycek,
Cotensor XBC 1s  abselure
(ie. preserved by ony funeror )
(&) Ye:lrem, YCet,
ensor X®C s ahsolure O



522  Main Results

A Crorhendieck cosmos & o Cosmos
which is also o Grothemdreck coat .
For a. Grothendlieck coemps 1, we. Consider

7he JQO((owr\Ag Finrrenece condrtrons :

(cO unit obj. T 1s finrrely presevmable,

() () VU has o genersing Set }8;5ex

of dualrzable oljects.

(from [Holm- Odaboshi])
S

V= Mod () (k= Commurative rng)
16 o Grorhendieck cosmos i which
- ke Mod (R)
is the fintrely presercable wTr object
wd o oualrzable geperoTor.

Main Reaults &

Baue.
V= Chlk) := Ch(Mod () [R:comm. ring)

s o Cwothendreck Cosmos in which
. Slk) e Ch(k) s e -Fr‘m"rely presentable
unmr object owmd
. {DU&)[??]IW&Z} IS o generating set
of dualizable objecs,

—0— 0 — h 50— -

Dlk): - — 0 — h‘—ok-a R—o0— -

-t";Z o>

where  S(k): -

Rmmle

More generally,
V' : Grorh. cosmos
V sotisfres (C)

= ChV): so
= ChV): so .



Prop  ( CHoli- Oolabaski 1)
V: Grothendreck cosmes + (@)

= V- [£p. bose 0
Ded
V- ,(.«(‘.p. bose.

A V-cxr. & 1o o Grothendieck V-ozesory
& FE: small V- cm‘egory

3 S5: [e7 ’l/] AT :od).
st. () T: 10141\7 forthful
@) S: lefr exoct. )

This s called o V-topos T [Gorner-Lack],

Main Results 2/&

Thw ()
V2 Grothendieck coamos + (€
Then A 15 o Grothendieck V-coaegory
S (v A= cocomplete
> A - -PMT—rel7 comglete
(3) homymorphTSVn hm  holds m A
%) conical Fhtered coliwtrs are left exacr

(5) A has a V-genersting set. o

Def
V= cosmos , A: Vo
Cch: smol Rl sbawr, F-T e 4
Then € s a U-generstimg Set
& (Lone7)o = famhdtd




Main Reaults /&
Brop Prop_
E<A: smal Rl U-subest. V: Grothendieck Coowoe + (C)
Then ColAo : generang Set S:e—3D , CTO: fwrely complete.
= TLA : V-generatig Set Then S:left exser © So: left exact .
proof poot
(LongY)p : Ao — Fum(£?) .= (2T 0], &) Tr suffices 7o show S preserves
'QT = ’4(‘1'2,‘5 CoTensor X & C (Xé?f—--(‘.P., Cel).
B +— Al,Be For X eV :~fp, there Ts
For each CeC, P — Po — X — 0 :eracr
Ao (C/8) = Homy (T, A, A) = Hom{T (4o-)2) wirh - Py, Po = dualizsble.
Hence . if (Loney )o(f) = (omgr)o(), O XA — BAC — PbC - exeer
then YeelZ, Aolef) = 4o(c,3), Since. S :left exaert,
whreh  shows F =3 O — S(x6C)— S(RhC) — S(aL): ex.
Shee  LoSAdo 16 & genersting set. - Po [gsm) Py a;'SS(c)
Thws we have Slxac) = X6 Sk




Brop (LA( Hwreer - Gorkushal)

U = Groth_coswog wizh 135 eq F generating et
C : small V-cox.
(2% V)= 2%V,
Then Funl2®D) s & Grothepolieck oo
with 195 @ Z‘.[—,c)| ieJ,C et§: genersing SCDr.

Proof of main_Thu
Suppose

(Y 4= cocomplete

> A : fwrely complere

(3) homomorphwem thm holds m A

(%) conical Fhered colimirs are left exact

(5) A hos a V-genersting ser C .
Then Ao = (ABS) —abelion CaTegory -
et F:C cs 4 be the incluston.

Suce A : cocomplete , we have

Main Results /5

¥ ] S

g K\ Si= LanyF
7 T

e — 5 A T== Loamg Y.

We wont to show
S:lefr emer, T- ‘ﬁdif foericfud
Tt suthces t© show
To = Pully fimhfal
Now Fu(C®V) tc a Croth. cxt. with
%oi= ) B0C(0 | jeT, cer?
o gemeratiy Sef, So by GP thm we have

So * IE‘P'I exqcy,

Mﬂd ‘@o !
T r\&, S': leb exacr
4 T st
Yo > Fulety) T Ry fnkfl,
Note

Se(9502(-0) = 9; 0 S(2(-0)= g0
enl H:= SoeGo Can be scem os  juel
Jgs@c|jeT cols — A, .



Therefore.  we have

I

T/
Yy Fun (E70)
\ST
AN
o € O% A
K o D
cnd.

SooS'= LanyH , TeTo = Long Y.
Here. stuce To : famhful ,

lomey = ToTo is Porrhdl
wd so GoS Ao 16 o gonersting Set.
Hence by G-P thm, we have

Soo S’ left eer, ToT,: fully farlhl.

So: lefr exaet, T &[ly ferthdul

€) When Lin, Po: Pime fucr m Fn(cT9)
Ao &= ST (L) = S' (L T'(R)

i+ Solwgle) Sor8 [ AuTle) & Ay SST(R)
\ = Lang SolPe) o

Moain Reaults S /&

Brop (1)
U, W : Grothendieck £1.p. base

F: Ve=—w:6, F: monords/
Assume UV sartsfies (& . Then
B : Guothendieck W= co.
= G(B): Groshendleck V-ex. @

Exomple

X —25 Shec(h) : 9e4e seheme (B> oty

~ £ Mod (B) X Qo () < Fe
N c:ttlmg‘ﬁ Ck(Qc‘?MX)>= P

v w
Stce W Treelf 1s a Groth. W-caz.

£ ( Ch(@eoht0)) : Groth. - coxt.

This s the dg co1. A
sT. (k) : epxes of quosi-coherent sheaves
{mr: AlF. 9)" = iTeTZ Homg, (7, 54

over R
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