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Q = C? : affine plane, T C SL(Q) : finite subgroup,

r~P? = P((C ©® Q) > [20,21722]

loe——— X = [P?/T] . orbifold
I
O“—— P2/ = {l-orbits in P2} . singularity

where

loo = {20 =0} = [P(Q)/T]
0 = {[1,0,0]}
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Y : orbiofld with Z C Y closed sub-stack

X\f{o)yzyvy\z

f7H0) | z

Figure: X and Y

Remark X and Y have common infinity line £,
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Example 0 Y =X
Example 1 I = {idg}, X =P?, Y =P blow-up at O

Example 2 [ = {+idg}, X =[P?/T], Y =|0p(-2)|Uls

X\ oo |Op1 (=2

\ /
In the following, Y is one of these examples
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Results ( Theorem 1, 2)

Example 2 X = [P?/{£idg}], Y = |Op(=2)|L s

Compare integrations over Mx(c) and My/(c)

~~ (—2) blow-up formula

Motivation 1 : Nakajima-Yoshioka blow-up formula ( ' = 1)

Compare integrations over Mp2(c) and Mp,(c)

Motivation 2 : Painlevé 7 function

Ohkawa (—2) blow-up formula 2021 £ 1 H 14 H 7/47



Framed sheaf

W : fixed -representation
(W =C"whenT ={idg}, W = W& W when {£idg} )

Definition Framed sheaf on Y is a pair (E, ®) such that

E : torsion free sheaf on Y

: Elp, = Op @ W on £y = [PL/T]
Remark Coh(/,) =2 Cohr(P?)

We put My (c) := {(E,®) | ch(E) = c} for c € A*(IY)

Fact ( Nakajima-Yoshioka, Nakajima )

My (c) is smooth but non-compact.
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Torus action

GL(Q)-action on Y and GL(W)-action on W
~ GL(Q) x GL(W) ~ My (c) > (E, ®)

€1 0 0

Tzz{[tol ﬂeGL(Q)},T'Z 0 €2 |l eeLw)
2 : 0
0 0 e

~T=T2x T~ My(c) for T=C* and r = dim W
t1, to, €1,..., e : weight spaces for T-action

e1 = ci(t1),e2 = ci(t2), a1 = ci(er), ..., ar = ci(er) € Af(pt)
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Integrations

Fact ( Nakajima-Yoshioka, Nakajima )

The fixed points set My (c)" is finite
For ¢ € A3 (My(c))
/ o= > LMJGQ(SLSLQL---,&)
My (c) ety e(TpMy(c))

where 9|, and the equivariant Euler class e(T,My(c)) belong to

Ar(pt) = Z[e1,e2, a1, - . - ar]

We put € = (€1,¢2) and a = (a1,...,ar)
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Nekrasov function ( Y = X = P2 T = {idg} )

M(r, n) := Mpz(c) for c = (r,0,n) € A*(P?)

Z(e,a,q) = Zq / .

Combinatorial description

n)

Z(e,a,q) Z Z éq”
n=0 Y

‘<l

—

Y =(Yi1,...,Y;) : tuple of Young diagrams

\7] =|Y1| +---+]|Y,| : sum of numbers of boxes in Yi,..., Y,

Ohkawa (—2) blow-up formula 2021 4£ 1 H 14 H

11/47



Combinatorial description

Zea -3 Y o

n=0|Y|=n

r

Gy = II [ II (a8 = aa = Ly, (s)e1 + (Av.(s) + 1)e2)

a,f=1 \s€Yqy

IT (a8 — aa + (Ly.(t) + 1)e1 — Ay, (t)e2)

te Yﬁ

Arms : Ay(s) =2
Legs: Ly(s) =3
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Motivation 1 : Nakajima-Yoshioka blow-up formula

C:=n"40)c Y =P 5P blow-up at O =[1,0,0]
Fix r and ¢; = 0 (for simplicity)
Put ¢ = (r,0, o) € A*(#2) moving

d

2e.a.0.0:=q° / u(C)*55 € Qe a)llg, 1]

where i(C) : Poincare dual of p,(c2(€)N[C x Mg, (c)]) € AL (Ms2(c)) and
& : universal sheaf on B2 x Mg, (c)

p: P2 x Mga(c) — Mgo(c) : projection
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Motivation 1 : Nakajima-Yoshioka blow-up formula

Theorem ( Nakajima-Yoshioka )

Z(e,a,q,t) = Z(e,a,q) + O(t*)

equivalently

0 0<d<2r

w(€)! = {
/MA2(C) fM]P,z(p*c) 1 d=0

P

~ lim (162 log Z(e, a, q) coincides with the Seiberg-Witten prepotential
£1,620—

(Nekrasov conjecture

also proved by Nekrasov-Okounkov, Braverman-Etingov independently)
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Motivation 2 : Painlevé 7 function ( r =2)

Theorem (Bershtein-Shchechkin, lorgov-Lisovyy-Teschner)

( Conjecture by Gamayun-lorgov-Lisovyy )
7(t) = > ez 5"C(o + n)Z(vV—1,v/—1,0 + n,—o — n, t) satisfies

D/”(T,T) = 0

for Dy = 3D* — t2D? + 1D? + 2tD°

Here the Hirota differential D¥ is defined by

oo ak
f(e")g(e™) =D D (f.8) 7
k=0 '
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52 Main Results

X =[P?/{+ido}], Y =[0p(-2)|Ulx

710)

Figure: X and Y
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Tautological bundle

€ : universal sheaf on X x Mx(c), or Y x My(c)

Vo = R'p&(—lx), Wo=0y® W
Vi = RpE(-F), Wi=0yaW

where M = Mx(c), or My(c)
p: X x Mx(c) = Mx(c), or Y x My(c) — My(c) : projection

F ={z1 =0} in X, orits proper transform in Y
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Another torus ( Matter bundle )

(e™,...,e™)e T T=T2xT xT?
m = (ml, ey m2,) = (cl(eml), ey cl(em2f)) S Afﬁ,(pt)

¢ = (ra k[C]a _n[P]a (WO - Wl)&];o) € A*(/Y)
( This ¢ can be viewed in A*(1X) via the Mckay derived equivalence )

2r ms
e
ZX€7a7m7q = qn/ € (|>VO®7
( ) En : My (<) et Vit

2r
emf
Zy(e,a,m,q) = q”/ e Vo ® ——
Zn: My (c) fe_? Vit
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Conjecture by lto-Maruyoshi-Okuda

Theorem 1

(1—(-1)q)Z%(e,a,m,q) for k >0,

zZk —e,a,m,q) =
q 9 {Z)’}(—s, a,m,q) for k <0,

where )
_ (e1+€2)(2) 0=1 30 + D5y Mr)

r

26162

Remark When k =0, Z§(—¢,a,m,q) = (1 — (—1)"q)" Z£(e,a,m, q)

Remark When ' = {idg}, we have similar formula
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(—2) blow-up formula

Theorem 2

Here
d<2-4k Y4 =2a1(Vo) — 2a(V1) + a(Wr) +4)(2k + w1/2)
d§2r—|—2—4k 11)7:2/(54,—1)[)4,

Ccy = (Wo, W1,:|:k[C], —nP) S (Zzo)z D Al(Y) D A2(Y)

ey = €1+ €2, and cha(€)/C : slant product
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83 Outline of proof

( Simple Example for Mochizuki method )
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Example 1 : Projective space

W = C’ : vector space

Compute the Euler number of P(W) = P!

by Mochizuki method.
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We put M =P(W @ C), and consider Cj-action defined by
Wi, ..., wp,x] = [wi,...,w,e"%].
The fixed points set MCh is decomposed as follows:
MEh = M, U Mexe,
where M = {x =0} = P(W) and Mg = {[0,...,0,1]} = pt.

We put
v MO = My U Mege = M
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Equivariant Chow ring

For a proper variety X with C7-action, we put

A<.C;;(X) : equivariant Chow ring

We have
*. (pt) = Z[]

where 1 = c;(e") for the weight space e’

% e can be regarded as Cj-equivariant vector bundle over pt.

Ohkawa (—2) blow-up formula 2021 4£ 1 H 14 H 24 /47



Localization formula

For the fixed points set X%, we have

Lo Ay (X5) @ QIR A7Y) 2 ALy (X) @ Q[ 1]

Fact When X is smooth, we have the following:
(1) X& = Ll X5 for smooth Xj

(2)

1 X
() =X g \
! T

where Eu(N;) is the Euler class of the normal bundle Ny of X[ in X
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Integral by localization ( X: smooth )

For [1: X — pt and ly: X5 — pt, we have the commutative diagram:

Az (X) @zpy QLR B Ll Ac*(XC*) @z QLA A7
rl*(-)m[X]l lzg N3 (-)NX5]

A (pt) @z Q[h, Y] —— A (pt) @z QLA A1)

/ ‘T Z/x;, Elcl’)/sa)

Jx c=MNcn[X] for c € A% (X)
where K
Jx, €3 =MaucgN[X5] for c; € AL (X))
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Tautological bundle over M =P(W & C)

{vzc
If we put -
Hom"™(V, W) = Hom(V, W)\ {O}

P(W) = P(Hom(V, W)) = [Hom™(V, W)/ GL(V)]

Y = [{Hom™(V, W) x V} /GL(V)] = O(-1)
We have the Euler sequence

00 —>WxV - TP(W) -0

%V is also defined on M = P(Hom(V, W) & det V), and
W @ VY — Opr in K(M) restricts to TMy on M, =P(W).
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Euler class for virtual vector bundle

e™ e C;, . equivariant parameter to define the Euler class
a = [E] — [F] € Kc; (M) with Cj-equivariant vector bundles E, F on M

CrkE(E® e’") N

E m = * *
n (@) car(F@em) =G

(M) @ Q(m, h).

We put

p(m) = Eu™(W @ V' — Opm) € Ay ez (M) @ Q(m)[1].
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Integral

N4, Nexc : normal bundles of M, Mgy in Méespectively.

1 1 1 1 Qé\

BN~ Fra0) h TF a0
= % (]_ _ Cl(;; ) 4 > c A?[‘:*,;XCZ(M)(@Q(m)[h, hfl]]

Localization formula

e H(m) aton
= [ um = v, BuN) T Fu(Nee)

(LHS) in C(m)[}] vs  (RHS) in C(m)[h, Y]]

P(m)|m
— Eu(TP(W)) = — Res AT Mexe
P(W) (TR(W)) h=00 J My EU(Nexc)

Here Res;—o is taking the coefficient in 71,
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P(M)| Moy
W)) = — R AT Mex
/P(W) Eu(TEW)) e Mee E(Nexc)

. (1)

{Mm) =Eu"(W e - 0) — (RHS) of (1) is equal to

Nexe = W ® e "

B (—=h+m)" 1
WEW) = - Res L

B 1 (h—m)’_ 1 B
= R T T em =

r r

. Bt an
X hieég hiza =2 (3 = ba)

a=1
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Example 2 : Grassmann manifold

W =cr
(n<r)
V=C"

Compute the Euler number of the Grassmann manifold
G(r,n) = G(W,V)={w € Homc(V, W) | w is injective}/ GL(V)

by Mochizuki method.
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Enhanced master space

M = Homg¢(V, W)

=
Il

M x FI(V)
M = M x det VY,

where FI(V) is the full flag manifold of V.
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G(r,n) = G(W, V)

We put M = M/ GL(V), and consider Cj-action on M such that
M(C;; - M+ U Mexc

My = FL(V) over G(r,n) = G(W, V)

Mexe = FL(V,) over G(r,n—1)= G(W, V,)

where V, V, are universal bundles over G(r,n), G(r,n—1)

:>/ Eu(TG(r,n)) = r‘”“/ Eu(TG(r, n— 1))
G(r,n) n G(r,n—1)

B r—n+1 r—n+2 r(r
o n n—1 1 \n/"~

Ohkawa (—2) blow-up formula 2021 4£ 1 H 14 H 33 /47



GL(W)-action

W=Ce1®---®Ce,, V=C"(n<r)
G(r,n) ={w € Homc(V, W) | w is injective}/ GL(V) v~ GL(W)
In particular, the diagonal torus T = (C*)" C GL(W) acts on G(r, n)
I={1<ih<--<ip<ryeG(r,n)T’

For ¢ € A3(G(r, n)), we have

_ Gl
foon®™ > Eamiaay € Qe 2)

1€G(r,m)T

where a; = c1(e1), ..., a, = ci(e,) for diag (e1,...,e,) € T.
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Schur polynomial

For partition A = (A1, A\2,...,) of length m
M2 2 A > Ape1=0---

we put

Aj+n—j

det(x:”’ 1<ii<

Sa(x1,. .. xn) = 0 py Jisijen
det(x;" )1<ij<n

When m < n, we define S(V) € AY(G(r, n)) by

S\(V) = Sx(B1,- - -, Bn)

where (51,..., 8, are Chern roots of the universal sub-bundle V over

G(r,n)
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Example : pt = G(r,r)

For partition A = (A1, A2, ..., ) of length m <'r
AMZX> 2 A > Am1=0---

we have

/ SA(V) = SA(al,...,a,)
G(r,r)
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Jacobi-Trudi formula

[ 5=, Res (—1) D72 det (") det( )
(I‘ n) hln'hn:OO n! H7:1 H;:l(hl - aa)

r

H( Zhg(al, ca)h ™ ¢ . generating functions of

a=1
complete homogeneous symmetric polynomials

sy — _1\n(r+1) o
G(r:n) V) =) 1§di3't§n(h/\j—1+f+n—r) (2)

In particular when n = r, we have

5)\(31, ey ar) = 1<die,jt<r(h)\j7j+i). (3)
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(—2)-curve

M= {+idg} CSL(Q), @ =C?2

M = Homr(Q'® V,V)® Homr(A2QV ® V, W)
@ Homr(W, V) £ Homr(A2QY @ V, V)

_ -1 g
M = u(0) x FI(V) s
- - (32, 57)
1 = xR oL —_).
§=(53,87)
where W = Wy @ Wi,V = Vy & Vi are [-representations, and
+ + — -
Ly =det VO @det Vi [ =det V' @det V', and

FI(V;) is the full flag manifold of V; for i =0, 1.
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Outline of proof

co

SN

Figure: ¢% and ¢!

Isomorphism from moduli of ¢-stable ADHM data M¢(w, v) (Nakajima)

M (wv) = Mx(c) for ¢ = ¢°
O My (c) for ¢ = ¢?

Here, w = (dim Wy, dim W;), v = (rankVy, rank);)
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Grassmmanian <> one point 0

Framed moduli on P?> « Jordan quiver .{)

Framed moduli on (—2) curve < Agl) .K\.
~— 7
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ADE singularity

[ C SL(Q) corresponding to a Dynkin diagram, @ = C?2
Q/T : ADE isolated singularity
M = Homr(Q'® V,V)® Homr(A’QV ® V, W)
@ Homr(W, V)& Homr(A2QY @ V, V)
where W, V are [-representations,

Introducing M and M suitably

>

Wall-crossing for framed moduli on [P?/T]
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Star-shaped graph G = (/, E) of ADE type

oo —[1,0,]
o ._[Q’/H

[1,1]
/

X—[2,1]
[3,71]

v oo —[3,1]

I = {x}U{[i,m]]|i=1,2,3m=1,...,n;}
xeJ C |
S, @ contraction of (—2)-curves in I\ J
X ( stacky resolution of S; ) U {o

Here £, is the infinity line in X = [P?/T]
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Weighted projective line associated to G = (/, E)

1 1 1
1

:C=P! 0
T |:n1—|-1( )7n2+1 ’n3—i—1

X\ loo = |we| = Spec@we?
d=0
S, = Spec@mwc_d
d=0

for J = {x}

Ohkawa (—2) blow-up formula 2021 4£ 1 H 14 H 43 /47



Resolution X for J = {x}

Xy \ loo —— S —— Spec P, F(C,wc_d)

|

c—= pt

O 0O

4
2
L 2
X
X
X

Ohkawa (—2) blow-up formula 2021 4£ 1 H 14 H



Higher dimensions

M. Herschend, O. lyama, H. Minamoto, S. Oppermann,

Representation theory of Geigle-Lenzing complete intersections,

arXiv:1409.0668

M. Tomari and K. Watanabe,
Cyclic covers of normal graded rings,

Kodai Math. J. 24 (2001), 436-457
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r:{@ ﬁ)}c&@» Q=C?

M = Homr(Q'® V,V)®Homr(A?QY ® V, W)
@ Homr(W, V)& Homr(A2QY @ V, V)

M = uH(0) x FI(V))

M = MxP(L_® L)

~> Wall-crossing for Handsaw quiver variety
Vortex partition functions ( joint with Yutaka Yoshida )
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(1) ADE singularity (affine quiver variety)
(2) K-theoretic version

(3) (—2) blow-up formula for Matter theory
e Handsaw quiver variety

e Flag manifold of type ABCDEFG

e Finite quiver variety
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