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Setting

Q = C2ɿaffine plane, Γ ⊂ SL(Q)ɿfinite subgroup,

Γ ! P2 = P(C⊕ Q) $ [z0, z1, z2]

"∞
! " !! X = [P2/Γ]

f
""

: orbifold

O ! " !! P2/Γ = {Γ-orbits in P2} : singularity

where
"∞ = {z0 = 0} = [P(Q)/Γ]

O = {[1, 0, 0]}
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Diagram

Y : orbiofld with Z ⊂ Y closed sub-stack

X \ f −1(O) ∼= Y \ Z

Figure: X and Y

Remark X and Y have common infinity line "∞

Ohkawa (−2) blow-up formula 2021 ೥ 1 ݄ 14 ೔ 5 / 47



Example

Example 0 Y = X

Example 1 Γ = {idQ}, X = P2, Y = P̂2 blow-up at O

Example 2 Γ = {± idQ}, X = [P2/Γ], Y = |OP1(−2)| & "∞

X \ "∞

f
##!

!!
!!

!!
!!

|OP1(−2)|

g
$$""
""
""
""
"

Q/Γ

In the following, Y is one of these examples
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Results ( Theorem 1, 2)

Example 2 X = [P2/{± idQ}], Y = |OP1(−2)| & "∞

Compare integrations over MX (c) and MY (c)

! (−2) blow-up formula

ɹ

Motivation 1 : Nakajima-Yoshioka blow-up formula ( Γ = 1)

Compare integrations over MP2(c) and MP̂2(c)

Motivation 2 : Painlevé τ function
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Framed sheaf

Wɿfixed Γ-representation

( W = Cr when Γ = {idQ}, W = W0 ⊕W1 when {± idQ} ʣ

Definition Framed sheaf on Y is a pair (E ,Φ) such that

E : torsion free sheaf on Y

Φ : E |!∞ ∼= OP1 ⊗W on "∞ = [P1/Γ]

Remark Coh("∞) ∼= CohΓ(P1)

We put MY (c) := {(E ,Φ) | c̃h(E ) = c} for c ∈ A∗(IY )

Fact ( Nakajima-Yoshioka, Nakajima )

MY (c) is smooth but non-compact.
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Torus action

GL(Q)-action on Y and GL(W )-action on W

! GL(Q)× GL(W ) ! MY (c) $ (E ,Φ)

T 2 =

{[
t1 0
0 t2

]
∈ GL(Q)

}
,T r =










e1 0 · · · 0

0 e2
...

...
. . . 0

0 . . . 0 er




∈ GL(W )






,

! T = T 2 × T r ! MY (c) for T = C∗ and r = dimW

t1, t2, e1, . . . , er : weight spaces for T-action

ε1 = c1(t1), ε2 = c1(t2), a1 = c1(e1), . . . , ar = c1(er ) ∈ A∗
T(pt)
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Integrations

Fact ( Nakajima-Yoshioka, Nakajima )

The fixed points set MY (c)T is finite

For ψ ∈ A∗
T(MY (c))

∫

MY (c)
ψ :=

∑

p∈MY (c)T

ψ|p
e(TpMY (c))

∈ Q(ε1, ε2, a1, . . . , ar )

where ψ|p and the equivariant Euler class e(TpMY (c)) belong to

A∗
T(pt) = Z[ε1, ε2, a1, . . . ar ]

We put ε = (ε1, ε2) and a = (a1, . . . , ar )
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Nekrasov function ( Y = X = P2, Γ = {idQ} )

M(r , n) := MP2(c) for c = (r , 0, n) ∈ A∗(P2)

Z (ε, a, q) =
∞∑

n=0

qn
∫

M(r ,n)
1

Combinatorial description

Z (ε, a, q) =
∞∑

n=0

∑

|"Y |=n

1

G"Y

qn

%Y = (Y1, . . . ,Yr ) : tuple of Young diagrams

| %Y | = |Y1|+ · · ·+ |Yr | : sum of numbers of boxes in Y1, . . . ,Yr
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Combinatorial description

Z (ε, a, q) =
∞∑

n=0

∑

|"Y |=n

1

G"Y

qn

G"Y =
r∏

α,β=1




∏

s∈Yα

(
aβ − aα − LYβ

(s)ε1 + (AYα(s) + 1)ε2
)

∏

t∈Yβ

(
aβ − aα + (LYα(t) + 1)ε1 − AYβ

(t)ε2
)


 .

Y =

s

Arms : AY (s) = 2
Legs : LY (s) = 3
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Motivation 1 : Nakajima-Yoshioka blow-up formula

C := π−1(O) ⊂ Y = P̂2 π→ P2 : blow-up at O = [1, 0, 0]

Fix r and c1 = 0 (for simplicity)

Put c = (r , 0, c2) ∈ A∗(P̂2) moving c2

Ẑ (ε, a, q, t) :=
∑

c

qc2
∫

MP̂2
µ(C )d

td

d!
∈ Q(ε, a)[[q, t]]

where µ(C ) : Poincare dual of p∗(c2(E)∩ [C ×MP̂2(c)]) ∈ AT
∗ (MP̂2(c)) and

E : universal sheaf on P̂2 ×MP̂2(c)

p : P̂2 ×MP̂2(c) → MP̂2(c) : projection
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Motivation 1 : Nakajima-Yoshioka blow-up formula

Theorem ( Nakajima-Yoshioka )

Ẑ (ε, a, q, t) = Z (ε, a, q) + O(t2r )

equivalently

∫

MP̂2 (c)
µ(C )d =

{
0 0 < d < 2r∫
MP2 (p∗c)

1 d = 0

! lim
ε1,ε2→0

ε1ε2 logZ (e, a, q) coincides with the Seiberg-Witten prepotential

(Nekrasov conjecture

also proved by Nekrasov-Okounkov, Braverman-Etingov independently)
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Motivation 2 : Painlevé τ function ( r = 2 )

Theorem (Bershtein-Shchechkin, Iorgov-Lisovyy-Teschner)

( Conjecture by Gamayun-Iorgov-Lisovyy )

τ(t) =
∑

n∈Z s
nC (σ + n)Z (

√
−1,

√
−1,σ + n,−σ − n, t) satisfies

DIII (τ, τ) = 0

for DIII =
1
2D

4 − t d
dtD

2 + 1
2D

2 + 2tD0

Here the Hirota differential Dk is defined by

f (eαt)g(eαt) =
∞∑

k=0

Dk(f , g)
αk

k!
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§2 Main Results

X = [P2/{± idQ}], Y = |OP1(−2)| & "∞

Figure: X and Y
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Tautological bundle

Eɿuniversal sheaf on X ×MX (c), or Y ×MY (c)

V0 = R1p∗E(−"∞), W0 = OM ⊗W0

V1 = R1p∗E(−F ), W1 = OM ⊗W1

where M = MX (c), or MY (c)

p : X ×MX (c) → MX (c), or Y ×MY (c) → MY (c) : projection

F = {z1 = 0} in X , or its proper transform in Y
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Another torus ( Matter bundle )

(em1 , . . . , em2r ) ∈ T 2r , T̃ = T 2 × T r × T 2r

m = (m1, . . . ,m2r ) = (c1(em1), . . . , c1(em2r )) ∈ A∗
T̃(pt)

c = (r , k[C ],−n[P], (w0 − w1)"1∞) ∈ A∗(IY )

( This c can be viewed in A∗(IX ) via the Mckay derived equivalence )

ZX (ε, a,m, q) =
∑

n

qn
∫

MX (c)
e

(
2r⊕

f=1

V0 ⊗
emf

√
t1t2

)

ZY (ε, a,m, q) =
∑

n

qn
∫

MY (c)
e

(
2r⊕

f=1

V0 ⊗
emf

√
t1t2

)
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Conjecture by Ito-Maruyoshi-Okuda

Theorem 1

Z k
Y (−ε, a,m, q) =

{
(1− (−1)rq)urZ k

X (ε, a,m, q) for k ≥ 0,

Z k
X (−ε, a,m, q) for k ≤ 0,

where

ur =
(ε1 + ε2)(2

∑r
α=1 aα +

∑2r
f=1mf )

2ε1ε2

Remark When k = 0, Z k
X (−ε, a,m, q) = (1− (−1)rq)urZ k

X (ε, a,m, q)

Remark When Γ = {idQ}, we have similar formula

Ohkawa (−2) blow-up formula 2021 ೥ 1 ݄ 14 ೔ 19 / 47



(−2) blow-up formula

Theorem 2
∫

MY (c+)
(ch2(E)/[C ])d =

∫

MX (c±)
(ψ±)

d

Here

{
d ≤ 2− 4k ψ+ = 2c1(V0)− 2c1(V1) + c1(W1) + ε+)(2k + w1/2)

d ≤ 2r + 2− 4k ψ− = 2kε+ − ψ+

c± = (w0,w1,±k[C ],−nP) ∈ (Z≥0)2 ⊕ A1(Y )⊕ A2(Y )

ε+ = ε1 + ε2, and ch2(E)/C : slant product
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§3 Outline of proof
( Simple Example for Mochizuki method )
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Example 1 : Projective space

W = Crɿvector space

Compute the Euler number of P(W ) = Pr−1

by Mochizuki method.
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Master space

We put M = P(W ⊕ C), and consider C∗
"-action defined by

[w1, . . . ,wr , x ] /→ [w1, . . . ,wr , e
"x ].

The fixed points set MC∗
! is decomposed as follows:

MC∗
! = M+ &Mexc ,

where M+ = {x = 0} = P(W ) and Mexc = {[0, . . . , 0, 1]} = pt.

We put

ι : MC∗
! = M+ &Mexc → M
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Equivariant Chow ring

For a proper variety X with C∗
"-action, we put

A•
C∗
!
(X )ɿequivariant Chow ring

We have
A•
C∗
!
(pt) ∼= Z["]

where " = c1(e") for the weight space e"

˞ e" can be regarded as C∗
"-equivariant vector bundle over pt.
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Localization formula

For the fixed points set XC∗
! , we have

ι∗ : A
•
C∗
!
(XC∗

!)⊗Q[", "−1]] ∼= A•
C∗
!
(X )⊗Q[", "−1]]

Fact When X is smooth, we have the following:

(1) XC∗
! =

⊔
J XJ for smooth XJ

(2)

(ι∗)
−1[X ] =

∑

J

[XJ]

Eu(NJ)
,

where Eu(NJ) is the Euler class of the normal bundle NJ of XC∗
! in X
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Integral by localization ( X : smooth )

For Π : X → pt and ΠJ : XJ → pt, we have the commutative diagram:

A•
C∗
!
(X )⊗Z["] Q[", "−1]]

Π∗(·)∩[X ]
""

(ι∗)−1

∼=
!! A•

C∗
!
(XC∗

!)⊗Z["] Q[", "−1]]

∑
J ΠJ∗(·)∩[XJ]

""

A
C∗
!• (pt)⊗Z["] Q[", "−1]] A

C∗
!• (pt)⊗Z["] Q[", "−1]]

∴
∫

X
c =

∑

J

∫

XJ

c |XJ

Eu(NJ)
,

where

{∫
X c = Π∗c ∩ [X ] for c ∈ A•

C∗
!
(X )

∫
XJ

cJ = ΠJ∗cJ ∩ [XJ] for cJ ∈ A•
C∗
!
(XJ)
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Tautological bundle over M = P(W ⊕ C)

If we put

{
V = C
Hominj(V ,W ) = Hom(V ,W ) \ {O}

P(W ) = P(Hom(V ,W )) =
[
Hominj(V ,W )/GL(V )

]

V =
[{
Hominj(V ,W )× V

}
/GL(V )

] ∼= O(−1)

We have the Euler sequence

0 → O → W ⊗ V∨ → TP(W ) → 0

˞ V is also defined on M = P(Hom(V ,W )⊕ detV ∨), and

W ⊗ V∨ −OM in K (M) restricts to TM+ on M+ = P(W ).
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Euler class for virtual vector bundle

em ∈ C∗
mɿ equivariant parameter to define the Euler class

α = [E ]− [F ] ∈ KC∗
!(M) with C∗

"-equivariant vector bundles E ,F on M

Eum(α) =
crkE (E ⊗ em)

crkF (F ⊗ em)
∈ A•

C∗
m×C∗

!
(M)⊗Q(m, ").

We put

ψ(m) = Eum(W ⊗ V∨ −OM) ∈ A∗
C∗
m×C∗

!
(M)⊗Q(m)["].
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Integral

N+,Nexc ɿnormal bundles of M+,Mexc in M respectively.

1

Eu(N+)
=

1

"+ c1(V∨)
=

1

" · 1

1 + c1(V∨)/"

=
1

"

(
1− c1(V∨)

" + · · ·
)

∈ A∗
C∗
m×C∗

!
(M)⊗Q(m)[", "−1]]

Localization formula

=⇒
∫

M
ψ(m) =

∫

M+

ψ(m)|M+

Eu(N+)
+

∫

Mexc

ψ(m)|Mexc

Eu(Nexc)
.

(LHS) in C(m)["] vs (RHS) in C(m)[", "−1]]

=⇒
∫

P(W )
Eu(TP(W )) = − Res

"=∞

∫

Mexc

ψ(m)|Mexc

Eu(Nexc)
.

Here Res"=∞ is taking the coefficient in "−1.
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Residue

∫

P(W )
Eu(TP(W )) = − Res

"=∞

∫

Mexc

ψ(m)|Mexc

Eu(Nexc)
. (1)

{
ψ(m) = Eum(W ⊗ e−" −O)

Nexc = W ⊗ e−" =⇒ (RHS) of (1) is equal to

χ(P(W )) = − Res
"=∞

(−"+m)r

m
· 1

(−")r

= − Res
"=∞

1

m
· ("−m)r

"r = − 1

m
· r(−m) = r

˞ Res
"=∞

r∏

α=1

"+ aα
"+ bα

=
r∑

α=1

(aα − bα)
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Example 2 : Grassmann manifold

{
W = Cr

V = Cn
( n ≤ r )

Compute the Euler number of the Grassmann manifold

G (r , n) = G (W ,V ) = {w ∈ HomC(V ,W ) | w is injective}/GL(V )

by Mochizuki method.
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Enhanced master space

M = HomC(V ,W )

M̃ = M× Fl(V )

M̂ = M̃× detV ∨,

where Fl(V ) is the full flag manifold of V .
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G (r , n) = G (W ,V )

We put M = M̂ss/GL(V ), and consider C∗
"-action on M such that

MC∗
! = M+ &Mexc






M+
∼= FL(V) over G (r , n) = G (W ,V )

Mexc
∼= FL(V() over G (r , n − 1) = G (W ,V()

where V, V( are universal bundles over G (r , n),G (r , n − 1)

=⇒
∫

G(r ,n)
Eu(TG (r , n)) =

r − n + 1

n
·
∫

G(r ,n−1)
Eu(TG (r , n − 1))

...

=
r − n + 1

n
· r − n + 2

n − 1
· · · r

1
=

(
r
n

)
.
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GL(W )-action

W = Ce1 ⊕ · · ·⊕ Cer , V = Cn ( n ≤ r )

G (r , n) = {w ∈ HomC(V ,W ) | w is injective}/GL(V ) # GL(W )

In particular, the diagonal torus T = (C∗)r ⊂ GL(W ) acts on G (r , n)

I = {1 ≤ i1 < · · · < in ≤ r} ∈ G (r , n)T

For ψ ∈ A•
T(G (r , n)), we have

∫

G(r ,n)
ψ =

∑

I∈G(r ,n)T

ψ|I
Eu(TIG (r , n))

∈ Q(a1, . . . , ar )

where a1 = c1(e1), . . . , ar = c1(er ) for diag (e1, . . . , er ) ∈ T.
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Schur polynomial

For partition λ = (λ1,λ2, . . . , ) of length m

λ1 ≥ λ2 ≥ · · · ≥ λm > λm+1 = 0 · · ·

we put

Sλ(x1, . . . , xn) =
det(x

λj+n−j
i )1≤i ,j≤n

det(xn−j
i )1≤i ,j≤n

When m ≤ n, we define Sλ(V) ∈ A•
T(G (r , n)) by

Sλ(V) = Sλ(β1, . . . ,βn)

where β1, . . . ,βn are Chern roots of the universal sub-bundle V over

G (r , n)
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Exampleɿpt = G (r , r)

For partition λ = (λ1,λ2, . . . , ) of length m ≤ r

λ1 ≥ λ2 ≥ · · · ≥ λm > λm+1 = 0 · · ·

we have ∫

G(r ,r)
Sλ(V) = Sλ(a1, . . . , ar )
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Jacobi-Trudi formula

∫

G(r ,n)
Sλ(V) = Res

"1···"n=∞

(−1)nr+n(n+1)/2

n!

det("λj+n−j
i ) det("n−j

i )∏n
i=1

∏r
α=1("i − aα)

r∏

α=1

("i − aα)
−1 =

∞∑

!=0

h!(a1, . . . , ar )"−r−!
i : generating functions of

complete homogeneous symmetric polynomials

!
∫

G(r ,n)
Sλ(V) = (−1)n(r+1) det

1≤i ,j≤n
(hλj−j+i+n−r ) (2)

In particular when n = r , we have

Sλ(a1, . . . , ar ) = det
1≤i ,j≤r

(hλj−j+i ). (3)
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(−2)-curve

Γ = {± idQ} ⊂ SL(Q), Q = C2

M = HomΓ(Q
∨ ⊗ V ,V )⊕HomΓ(∧2Q∨ ⊗ V ,W )

⊕ HomΓ(W ,V )
µ→ HomΓ(∧2Q∨ ⊗ V ,V )

M̃ = µ−1(0)× Fl(Vi )

M̂ = M̃× P(L− ⊕ L+),

where W = W0 ⊕W1,V = V0 ⊕ V1 are Γ-representations, and

L+ = detV
⊗ζ+0
0 ⊗ detV

⊗ζ+1
1 , L− = detV

⊗ζ−0
0 ⊗ detV

⊗ζ−1
1 , and

Fl(Vi ) is the full flag manifold of Vi for i = 0, 1.
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Outline of proof

Figure: ζ0 and ζ1

Isomorphism from moduli of ζ-stable ADHM data Mζ(w , v) (Nakajima)

Mζ(w , v) ∼=

{
MX (c) for ζ = ζ0

MY (c) for ζ = ζ1

Here, w = (dimW0, dimW1), v = (rankV0, rankV1)
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Summary

Grassmmanian ↔ one point

Framed moduli on P2 ↔ Jordan quiver

Framed moduli on (−2) curve ↔ A(1)
1
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ADE singularity

Γ ⊂ SL(Q) corresponding to a Dynkin diagram, Q = C2

Q/Γ : ADE isolated singularity

M = HomΓ(Q
∨ ⊗ V ,V )⊕HomΓ(∧2Q∨ ⊗ V ,W )

⊕ HomΓ(W ,V )
µ→ HomΓ(∧2Q∨ ⊗ V ,V )

where W ,V are Γ-representations,

Introducing M̂ and M̃ suitably

!
Wall-crossing for framed moduli on [P2/Γ]
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Star-shaped graph G = (I ,E ) of ADE type

I = {∗} ∪ {[i ,mi ] | i = 1, 2, 3,mi = 1, . . . , ni}

∗ ∈ J ⊂ I

SJ : contraction of (−2)-curves in I \ J

XJ : ( stacky resolution of SJ ) & "∞

Here "∞ is the infinity line in X = [P2/Γ]
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, M

2
,
1 ・ ・ ・ 2

, B

3
,
1 ・ ・ ・ 3 , B



Weighted projective line associated to G = (I ,E )

π : C = P1

[
1

n1 + 1
(0),

1

n2 + 1
(1),

1

n3 + 1
(∞)

]
→ P1

ωC = π∗ωP1 ⊗OC

(
− n1

n1+1(0)−
n2

n2+1(1)−
n3

n3+1(∞)
)

XJ \ $∞ = |ωC | = Spec
∞⊕

d=0

ω−d
C

SJ = Spec
∞⊕

d=0

π∗ω
−d
C

for J = {∗}
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Resolution XJ for J = {∗}

XJ \ $∞

!!

"" SJ

!!

"" Spec
⊕∞

d=0 Γ(C,ω
−d
C )

C π "" P1
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Higher dimensions

M. Herschend, O. Iyama, H. Minamoto, S. Oppermann,

Representation theory of Geigle-Lenzing complete intersections,

arXiv:1409.0668

M. Tomari and K. Watanabe,

Cyclic covers of normal graded rings,

Kodai Math. J. 24 (2001), 436-457
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Variation

Γ =

{(
1 0
0 ±1

)}
⊂ GL(Q) Q = C2

M = HomΓ(Q
∨ ⊗ V ,V )⊕HomΓ(∧2Q∨ ⊗ V ,W )

⊕ HomΓ(W ,V )
µ→ HomΓ(∧2Q∨ ⊗ V ,V )

M̃ = µ−1(0)× Fl(Vi )

M̂ = M̃× P(L− ⊕ L+)

! Wall-crossing for Handsaw quiver variety

Vortex partition functions ( joint with Yutaka Yoshida )
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Future work

(1) ADE singularity (affine quiver variety)

(2) K -theoretic version

(3) (−2) blow-up formula for Matter theory

• Handsaw quiver variety

• Flag manifold of type ABCDEFG

• Finite quiver variety
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